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A unified approach to continuous-time

discounted Markov control processes ∗

Tomás Prieto-Rumeau Onésimo Hernández-Lerma

Abstract

In this paper we consider continuous-time Markov control pro-
cesses with Borel state and action spaces. The performance crite-
rion is the expected discounted reward over a finite or an infinite
time horizon. The reward rates and the transition rates of the
system are allowed to be unbounded. We propose conditions en-
suring that the optimal discounted reward of both the finite and
the infinite horizon problem satisfy a dynamic programming opti-
mality equation, and we also prove the existence of ε-optimal and
optimal strategies. Finite horizon approximations to the infinite
horizon problem are discussed. We illustrate our results by show-
ing that our hypotheses are satisfied by some classes of controlled
Markov chains and controlled diffusions.
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1 Introduction

This paper is concerned with continuous-time Markov control processes
with values in a Borel space, and with Borel action spaces. The criterion
to be maximized is the expected discounted reward over a time horizon,
which may be either finite or infinite. The transition rates of the system
and the reward rates may be both unbounded.

Many particular cases of such continuous-time Markov control pro-
cesses have been extensively studied in the previous literature. We may
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mention, for instance, controlled Markov chains [13], controlled jump
processes [12, 22], piecewise deterministic controlled processes [1, 5] or
controlled diffusions [10, 11, 18], among others. The usual approach
to deal with such problems is by means of the dynamic programming
equation or, in other words, by deriving a so-called optimality equation
(or Hamilton-Jacobi-Bellman equation) that characterizes the optimal
expected reward of the control problem. Then, from this optimality
equation one can obtain the existence of “nearly” optimal strategies or
even the existence of optimal strategies.

However, in most of the existing works, the optimality equation is
derived using a technique that is specific to the model under study.
For instance, for controlled Markov chains, an explicit expression for
the transition probabilities is obtained in [13]; for piecewise determin-
istic processes, a discrete-time embedded Markov process (determined
by the jump times) is studied in [1]; for controlled diffusions, the prop-
erties of the associated second order differential operator are exploited
(see [18]). Only a few references [6, 14, 15] analyze the discounted opti-
mality equation for general Markov processes. Moreover, in [14, 15] only
sufficient conditions are given. More precisely, it is shown that if a given
function satisfies a certain optimality equation, then this function is the
optimal expected reward. But no (necessary) results proving that the
optimal expected discounted reward satisfies the optimality equation
are given. For the infinite horizon case, Doshi [6] proposes a set of such
necessary conditions for a model with bounded transition rates (that is,
the generator of the process is defined only for bounded functions) and
bounded reward rates.

In this paper we place ourselves in the framework of general Markov
control processes, and one of our goals is to generalize the results in [6]
to a model with both unbounded transition and reward rates. To this
end, we impose some Lyapunov or drift conditions on the generator of
the process yielding useful ergodic properties. Note also that Doshi [6]
proposes a policy improvement algorithm whose convergence is proved
under a very severe condition, namely that the action space is finite. In
this paper, rather than dealing with policy iteration, we study the value
iteration algorithm, that is, we study finite horizon approximations to
the infinite horizon control problem, and prove its convergence under
hypotheses less restrictive than Doshi’s.

Therefore, in short, one of the main contributions of this paper
is to propose fairly general assumptions that cover all of the previ-
ously studied models, and so its applicability ranges from models of the
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continuous-state type (e.g., diffusions) to models of the discontinuous
type (e.g., Markov chains). Indeed, we illustrate our results by show-
ing that our assumptions are implied by the standard ones imposed on
controlled diffusion processes and on controlled Markov chains.

To give a flavor of the general assumptions we make, let us mention
that they are, roughly speaking, continuity and stability assumptions.
The starting point is the well-known fact that a strategy that is optimal
over a time horizon, say [0,m], is necessarily optimal over all time hori-
zons I ⊆ [0,m]. (Note that this is a particular feature of the discounted
reward criterion but not, for example, of the average reward criterion.
For a general approach to average reward Markov control processes, the
interested reader is referred to [7].)

It is worth mentioning that other approaches to continuous-time
Markov control processes have been proposed in the literature. These
include time-discretization procedures, in which the continuous-time
model is seen as the limit of discrete-time models [1, 2]. The continuous-
time optimality equation is then derived from the discrete-time opti-
mality equations. In this paper, we have preferred to follow a purely
continuous-time approach.

A linear programming formulation has also been proposed; see [16]
for discrete-time models and [4, 19, 25] for their continuous-time coun-
terpart. The idea is to see the optimal expected reward as being the
maximum of a linear programming problem over a suitably defined space
of occupation measures. Optimal controls are then characterized as
those reaching this maximum. Our approach is essentially different be-
cause the linear programming formulation does not derive an optimality
equation, as ours does. Besides, optimal controls are defined in a weaker
sense. More precisely, they are optimal controls for almost every initial
state (see [25, Section 5]), whereas the approach in this paper yields
optimality for every initial state.

When dealing with general Markov processes, a key issue is that of
the formal definition of these Markov processes. They may be defined
starting from the transition probability function and then deriving the
Kolmogorov differential equations [9, 13]. They are also frequently de-
fined using the so-called generator of the process, which is a sort of
derivative of a semi-group operator [6, 14, 15]. In this paper, we have
chosen the approach of the martingale characterization of the generator
of the Markov process [19, 24]. Further details are given in Remark 2.1
in the next section.

The rest of the paper is organized as follows. In Section 2 we intro-
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duce the continuous-time control model and give some basic definitions.
Section 3 studies the finite horizon discounted problem. In Section 4
we analyze the infinite horizon problem and the value iteration approx-
imations. Also in this section we compare our hypotheses to those in
[6]. For clarity of exposition, the proofs of the results stated in Sections
3 and 4 are postponed to a later section. In Section 5 we illustrate
our results by studying two particular cases: finite horizon controlled
diffusions and infinite horizon controlled Markov chains. The rest of
the material is technical. Section 6 proves several useful lemmas. In
Section 7 we prove the results stated in Sections 3 and 4. Finally, in
Section 8 we provide the proofs of the results in the examples section,
Section 5.

2 The control model

In this section we briefly introduce the control model. Additional spec-
ifications are introduced in later sections, as needed.

The state space is X and the action space is A. They are both
assumed to be Borel spaces endowed with their respective Borel σ-
algebras B(X) and B(A). For every x ∈ X, the set of admissible
actions at x is the nonempty σ-compact Borel set A(x) ⊆ A. Let
K := {(x, a) ∈ X × A : a ∈ A(x)}, assumed to be a measurable subset
of the Borel space X ×A. We also consider a measure space (Ω,F).

Multifunctions. Now we recall some terminology on multifunctions
and measurable selectors (see [3], [16, Appendix D] or [23]). A set-
valued function Ψ : X → 2A, where Ψ(x) 6= ∅ for every x ∈ X, is called
a multifunction from X to A. Let Ψ−(B) := {x ∈ X : Ψ(x) ∩ B 6= ∅}
for B ⊆ A. If Ψ−(B) is closed for every closed set B ⊆ A then Ψ is
said to be upper semicontinuous. If Ψ−(B) is open for every open set
B ⊆ A then Ψ is said to be lower semicontinuous. The multifunction
Ψ is continuous if it is both upper and lower semicontinuous. Finally,
we say that Ψ is compact-valued if A(x) is compact for every x ∈ X. A
measurable function f : X → A such that f(x) ∈ Ψ(x) for each x ∈ X
is called a measurable selector of the multifunction Ψ.

Strategies. Loosely speaking, a Markov strategy ϕ prescribes the ac-
tion ϕ(t, x) ∈ A(x) to be chosen when the state of the system at time
t ≥ 0 is x ∈ X. More precisely, a Markov strategy ϕ is a measurable
function ϕ : [0,∞) × X → A, where ϕ(t, x) ∈ A(x) for every t ≥ 0
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and x ∈ X, such that for every s ≥ 0 and every initial state x ∈ X
at time s there exists a probability measure on (Ω,F) denoted Pϕ,s,x,
with corresponding expectation operator Eϕ,s,x, and a right-continuous
Markov process {x(t, ϕ)}t≥s, with x(s, ϕ) = x, satisfying that

v(x(t, ϕ))− v(x)−
∫ t

s
(Lϕ(u,x(u,ϕ))v)(x(u, ϕ))du for t ≥ s

is a Pϕ,s,x-martingale for every measurable v ∈ Dϕ, where the operator
L ≡ {(Lav)(x)}(x,a)∈K is the generator of the stochastic control process,
and Dϕ is the domain of the generator of the process x(·, ϕ). This is
the martingale characterization of the generator [19, 24]. If s = 0 then
Pϕ,s,x and Eϕ,s,x will be denoted by Pϕ,x and Eϕ,x, respectively.

The family of Markov strategies is denoted by Φ. If ϕ is a Markov
strategy such that ϕ(t, x) = f(x) for some measurable function f : X →
A and all t ≥ 0 and x ∈ X, then we say that ϕ is a stationary strategy.
In this case we also identify ϕ with the time-independent function f .
The set of stationary strategies is denoted by F. Observe that ϕ ∈ Φ is
a measurable selector for the multifunction from [0,∞)×X to A defined
by (s, x) 7→ A(x), and, similarly, f ∈ F is a measurable selector for the
multifunction from X to A defined by x 7→ A(x).

Remark 2.1 The above definition of the Markov control process may
seem vague: indeed, the existence of the corresponding probability mea-
sure Pϕ,s,x is assumed yet not proved. Note, however, that in the papers
[4, 19, 24], whose authors also propose the martingale characterization
as definition of the Markov process, the existence of a stationary Markov
control process is established. Proving the existence of a nonstationary
Markov control process is beyond the scope of this paper. In spite of
this, for a given model, the existence of such nonstationary controls can
be proved by imposing some specific assumptions. As an illustration,
this is the case for controlled diffusions [18], where some regularity as-
sumptions on the parameters of the stochastic differential equations are
made, and for controlled Markov chains [9, 13], where the continuity of
the transition rates is assumed.

Sometimes we will also need to use the so-called extended generator
of the process x(·, ϕ), where ϕ ∈ Φ. Whereas the generator of the
process is defined for functions with domain X, the extended generator
is defined for “time-space” functions. Given a measurable function v :
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[0,∞) ×X → R, we say that v belongs to the domain of the extended
generator of the process x(·, ϕ), denoted by v ∈ Dϕ, if

v(t, x(t, ϕ))− v(s, x)−
∫ t

s
(Lϕ(u,x(u,ϕ))v)(u, x(u, ϕ))du(1)

for t ≥ s is a Pϕ,s,x-martingale for every s ≥ 0 and every initial state
x ∈ X at time s. Observe that we use the notation L for both the
generator and the extended generator.

Suppose that the reward rate is the Borel measurable function r :
K→ R and that a discount factor α > 0 is given. In this paper we shall
deal with both finite and infinite horizon problems.

Finite horizon problems. Consider a finite horizon control problem,
where the time horizon is [0,m], for m > 0. Given ϕ ∈ Φ, 0 ≤ s ≤ m
and an initial state x ∈ X at time s, define the expected discounted
reward of ϕ on [s,m] as

V m(ϕ, s, x) := Eϕ,s,x

∫ m

s
e−α(t−s)r(x(t, ϕ), ϕ(x(t, ϕ)))dt.(2)

The optimal reward of the control problem over the time interval [s,m]
for a given initial state x ∈ X at time s is then defined as

V ∗m(s, x) := sup
ϕ∈Φ

V m(ϕ, s, x),(3)

assumed to be measurable (this measurability assumption is not restric-
tive in practice). We say that ϕ ∈ Φ is optimal for the control problem
with finite horizon [0,m] if

V m(ϕ, s, x) = V ∗m(s, x) for every x ∈ X and 0 ≤ s ≤ m,

and that ϕ ∈ Φ is ε-optimal, where ε > 0, for the control problem with
finite horizon [0,m] if

V m(ϕ, s, x) + ε ≥ V ∗m(s, x) for every x ∈ X and 0 ≤ s ≤ m.

Clearly, when dealing with finite horizon problems, the extended
generator needs to be defined only for functions v : [0,m]×X → R, and
then the martingale property (1) is only required for s ≤ t ≤ m.
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Infinite horizon problems. For infinite horizon problems, given a
Markov strategy ϕ ∈ Φ, define the (infinite horizon) expected discounted
reward of ϕ when the initial state at time s ≥ 0 is x ∈ X as

V (ϕ, s, x) := Eϕ,s,x

∫ ∞

s
e−α(t−s)r(x(t, ϕ), ϕ(t, x(t, ϕ)))dt.(4)

If s = 0 we simply write V (ϕ, 0, x) =: V (ϕ, x). The optimal expected
discounted reward is given by

V ∗(s, x) := sup
ϕ∈Φ

V (ϕ, s, x),(5)

which for s = 0 reduces to

V ∗(x) := sup
ϕ∈Φ

V (ϕ, x),(6)

assumed to be measurable. In fact, it will be shown in Lemma 6.1 below
that V ∗(s, x) = V ∗(x) for every x ∈ X and s ≥ 0. A Markov strategy
ϕ ∈ Φ is optimal for the infinite horizon problem if V (ϕ, x) = V ∗(x) for
every x ∈ X, and it is said to be ε-optimal, for ε > 0, if V (ϕ, x) + ε ≥
V ∗(x) for every x ∈ X.

Our assumptions will ensure that the above defined expressions, i.e.,
(2)–(6), are well defined and finite.

Consider a given measurable function W : X → [1,∞) such that
the level sets {x ∈ X : W (x) ≤ C} have compact closure for every
C ≥ 1. Such a function is called a Lyapunov function; it is also known
as a moment or a norm-like function. Let BW be the Banach space of
measurable functions v : X → R with norm

||v||W := sup
x∈X

|v(x)|
W (x)

< ∞.

We will make the following assumption on the control model.

Assumption A.

(a) The function W is in Dϕ for every ϕ ∈ Φ, and there exist constants
0 < c < α and b ≥ 0 such that

(LaW )(x) ≤ cW (x) + b for every (x, a) ∈ K.

(b) There exists a constant M > 0 such that

|r(x, a)| ≤ MW (x) for each (x, a) ∈ K.
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Assumption A(a) imposes a so-called Lyapunov or drift condition
on the generator. A similar assumption is made in the papers [12, 13,
20], among others. This is a standard assumption when dealing with
unbounded cost or reward rates because it imposes a growth condition
on the reward rate; see Lemma 6.2 below and also, for instance, [17,
Chapter 8] or [12, 13].

It is worth noting that the positivity of the constant c in Assumption
A(a) is not strictly necessary. Indeed, if c < 0 then the bound obtained
in Lemma 6.2 below should be modified in accordance (see [13, Theorem
3.1]) and our results would still be valid.

3 The finite horizon case

In this section we study the optimality equation for finite horizon prob-
lems, as well as the existence of ε-optimal or optimal strategies.

First, we introduce some notation. Fix x ∈ X, a neighborhood N
of x, and s ≥ 0. Given ϕ ∈ Φ, consider the Markov process {x(t, ϕ)}t≥s

with initial state x at time s. Define τ(x,N, ϕ, s) as the exit time of the
process x(·, ϕ) from N , that is,

τ(x, N, ϕ, s) := inf{t ≥ s : x(t, ϕ) /∈ N}.
If s = 0 we will simply write

τ(x, N, ϕ) := τ(x,N, ϕ, 0).(7)

Our next assumption imposes some continuity and stability conditions.
Parts (a)–(c) in Assumption B below are minimal continuity require-
ments, whereas part (d) excludes “instantaneous jumps” of the state
process; in other words, for each initial state x at time s, the state pro-
cess x(·, ϕ) remains in a neighborhood N of x a positive time period,
uniformly in ϕ ∈ Φ. We will provide in Lemma 6.8 an easily verifiable
sufficient condition for Assumption B(d).

Assumption B.

(a) For each m > 0 the function (s, x) 7→ V ∗m(s, x) is continuous on
[0,m]×X and it belongs to Dϕ for every ϕ ∈ Φ.

(b) For each m > 0 the function

(s, x) 7→ sup
a∈A(x)

{r(x, a) + (LaV ∗m)(s, x)}
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is continuous on [0,m]×X.

(c) The function a 7→ r(x, a) + (LaV ∗m)(s, x) is continuous on A(x)
for every fixed 0 ≤ s ≤ m and x ∈ X.

(d) Given x ∈ X, a neighborhood N of x, s ≥ 0 and δ > 0,

sup
ϕ∈Φ

Eϕ,s,x[exp{−α min{τ(x,N, ϕ, s)− s, δ}}] < 1.

Concerning Assumption B(d), see Lemma 6.8.
The next result is similar to [14, Theorem 5.1] or [15, Theorem 6.1].

Observe however that in these references the existence of a solution to
the optimality equations (8)–(9) is assumed, whereas in Theorem 3.1 we
prove the existence of this solution.

Theorem 3.1 Consider a control problem with finite horizon [0,m]. If
Assumptions A and B are verified, then V ∗m is the unique function
v : [0,m] × X → R in ∩ϕ∈ΦDϕ satisfying Assumption B(c) that is a
solution of the equation

αv(s, x) = sup
a∈A(x)

{r(x, a) + (Lav)(s, x)} for 0 ≤ s < m, x ∈ X,(8)

with terminal condition

v(m,x) = 0 for x ∈ X.(9)

Moreover, for each given ε > 0, there exist ε-optimal strategies for the
finite horizon problem on [0,m].

The following two corollaries propose conditions under which there
exist optimal strategies. This is achieved requiring that either Assump-
tions A and B hold and that A(x) is compact for every x ∈ X, or relaxing
Assumptions B(b) and B(c) and strengthening instead the hypotheses
on the multifunction x 7→ A(x).

Corollary 3.2 Suppose that Assumptions A and B are verified and that
the action set A(x) is compact for every x ∈ X. Then the conclusions of
Theorem 3.1 remain valid and, moreover, there exist optimal strategies
for the finite horizon problem.
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Corollary 3.3 Suppose that Assumptions A, B(a), and B(d) are veri-
fied and, in addition, the function

(s, x, a) 7→ r(x, a) + (LaV ∗m)(s, x)

is continuous on [0,m]×K. Assume further that the multifunction from
X to A defined by x 7→ A(x) is continuous and compact-valued. Then
the conclusions of Theorem 3.1 remain valid and, moreover, there exist
optimal strategies for the finite horizon problem.

4 The infinite horizon problem

In this section we study the infinite horizon control problem: the op-
timality equation and the existence of ε-optimal or optimal strategies.
Actually we consider two different approaches.

First, we consider finite horizon approximations — which can be
also described as a successive approximations approach — to the infi-
nite horizon problem, that is, we explore the limiting behavior of the
results in the previous section as the time horizon goes to infinity. This
approach requires restrictive assumptions (see Assumptions C and D
below) but it could be extremely helpful for practical purposes because,
as shown in Theorem 4.1, the convergence of V ∗m(0, ·) to V ∗ is exponen-
tial and, furthermore, given ε > 0, we can explicitly determine a time
horizon m such that ||V ∗m(0, ·)− V ∗||W ≤ ε (see Remark 4.2).

In our second approach, under reasonably mild hypotheses (see As-
sumption E) we obtain the optimality equation and the existence of
optimal policies for the infinite horizon problem but, unfortunately, we
get no information on the finite horizon approximations.

It should be noted that our results in this section prove the existence
of a solution to the optimality equation, whereas in previous papers (e.g.,
[14, Theorem 6.2] or [15, Theorem 4.1]) the existence of such a solution
was assumed.

The successive approximations approach. We will require the
following assumption. (Recall the notation in (4).)

Assumption C. For every ϕ ∈ Φ, V (ϕ, ·, ·) is in Dϕ and, furthermore,
the functions

(s, x) 7→ V (ϕ, s, x)
and

(s, x) 7→ r(x, ϕ(s, x)) + (Lϕ(s,x)V (ϕ, ·, ·))(s, x)
are continuous on [0,∞)×X.
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Theorem 4.1 below deals with the value iteration approximations,
i.e., the convergence of V ∗m to V ∗ as m → ∞. In the literature on
discrete-time control problems, it is well known that, under suitable
conditions, the value iteration procedure converges geometrically, that
is, V ∗m converges at a geometric rate to V ∗. The reason for this is
that V ∗ is the fixed point of a contraction mapping; see, for instance
[17, Theorem 8.3.6]. Theorem 4.1 shows that this result is also true for
continuous-time problems.

Theorem 4.1 If Assumptions A, B and C are verified, then, for every
T > 0, V ∗m(s, ·) converges exponentially to V ∗ uniformly on 0 ≤ s ≤ T
in the W -norm as m →∞; in symbols,

sup
0≤s≤T

||V ∗m(s, ·)− V ∗(·)||W = O(e−(α−c)m) as m →∞.

Remark 4.2 In the proof of Theorem 4.1, we will derive an explicit
expression for the term O(e−(α−c)m) above depending only on known
constants: b, c, α, M and T (see (38)). Therefore, for a given ε > 0, we
can effectively determine a value of m for which sup0≤s≤T ||V ∗m(s, ·)−
V ∗(·)||W ≤ ε.

As a consequence of Theorem 4.1, we obtain a sufficient condition
for the continuity of V ∗, which is sometimes required (see Assumption
E(b) below).

Corollary 4.3 Suppose that the state space X is locally compact and
that the Lyapunov function W is bounded on compact sets. If Assump-
tions A, B and C are satisfied, then V ∗ is continuous on X.

Theorem 4.1, together with the finite horizon optimality equation in
Theorem 3.1, i.e.,

αV ∗m(s, x) = sup
a∈A(x)

{r(x, a) + (LaV ∗m)(s, x)} for 0 ≤ s < m, x ∈ X,

suggests that letting m → ∞ in this equation would yield the infinite
horizon optimality equation (10) below with v = V ∗. To this end, we
must impose the following condition.

We consider the family of functions on [0, 1]×X

(s, x) 7→ Gf,m(s, x) := (Lf(x)V ∗m)(s, x)− (Lf(x)V ∗)(x),

parametrized by f ∈ F and the time horizon m ∈ N.
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Assumption D.

(a) The infinite horizon optimal reward V ∗ is in Dϕ for every ϕ ∈ Φ.

(b) The family of functions {Gf,m}f∈F,m∈N is equicontinuous at (0, x)
for every x ∈ X.

To prove the convergence of the policy iteration algorithm, a hypoth-
esis similar to the equicontinuity condition Assumption D(b) is made in
[6, Assumption 8].

Theorem 4.4 If Assumptions A, B, C and D are satisfied, then V ∗ is
the unique function v in (

⋂
ϕ∈ΦDϕ) ∩ BW satisfying Assumption B(c)

that is a solution of the optimality equation

αv(x) = sup
a∈A(x)

{r(x, a) + (Lav)(x)} for x ∈ X.(10)

Moreover, for every ε > 0 there exist ε-optimal stationary strategies.

In connection with this theorem see Corollary 4.6.

Direct approach to the infinite horizon problem. So far we have
analyzed the successive approximations approach to the infinite horizon
problem. Now, we drop Assumptions C and D and, instead, we propose
a less restrictive assumption (Assumption E below) allowing us to derive
directly the infinite horizon optimality equation, but we do not obtain
information on the finite horizon approximations. (In Assumption E(d),
recall the notation in (7).)

Assumption E.

(a) The function V ∗ is in ∩ϕ∈ΦDϕ.

(b) The functions V ∗ and x 7→ supa∈A(x){r(x, a)+(LaV ∗)(x)} are con-
tinuous on X.

(c) For each x ∈ X, a 7→ r(x, a) + (LaV ∗)(x) is continuous on A(x).

(d) Given x ∈ X and a neighborhood N of x

sup
ϕ∈Φ

Eϕ,x[e−ατ(x,N,ϕ)] < 1.
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Observe that Assumption B(d) —and hence the condition in Lem-
ma 6.8— implies Assumption E(d).

The following theorem gives the same conclusions as Theorem 4.4
although, for clarity of exposition, we prefer to state it separately.

Theorem 4.5 Suppose that Assumptions A and E hold. Then V ∗ is
the unique function v in (

⋂
ϕ∈ΦDϕ) ∩ BW satisfying Assumption E(c)

that is a solution of the optimality equation

αv(x) = sup
a∈A(x)

{r(x, a) + (Lav)(x)} for x ∈ X.

Moreover, for every ε > 0 there exist ε-optimal stationary strategies.

The following corollaries are similar to Corollaries 3.2 and 3.3 on the
finite-horizon problem.

Corollary 4.6 Suppose that either Assumptions A, B, C and D, or
Assumptions A and E are verified. Suppose also that A(x) is compact
for every x ∈ X. Then the conclusions of Theorems 4.4 and 4.5 remain
valid and, moreover, there exist optimal stationary strategies.

Corollary 4.7 Suppose that Assumptions A, E(a), and E(d) are veri-
fied and that the functions

x 7→ V ∗(x) and (x, a) 7→ r(x, a) + (LaV ∗)(x)

are continuous on X and K, respectively. Assume also that the multi-
function from X to A defined by x 7→ A(x) is continuous and compact-
valued. Then the conclusions of Theorem 4.5 remain valid and, further-
more, there exist optimal stationary strategies.

To conclude this section, let us compare our assumptions to those
in Doshi [6]. The proof techniques are essentially the same, combining
continuity and stability features. There are however two important im-
provements. The first one is that we allow the reward rates and the
transition rates (i.e., the generator) to be unbounded; see [6, Definition
2.4] and [6, Assumption 1(d)]. Second, our stability condition (for in-
stance, Assumption E(d)) is, by far, more general than the correspond-
ing stability condition stated in Assumption 5 in [6, p. 1226]. Indeed, as
shown in Lemma 6.8 below, a sufficient condition for Assumption E(d)
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is that given x ∈ X, a neighborhood N of x and s ≥ 0, there exists
δ0 > 0 such that

inf
ϕ∈Φ

Pϕ,s,x{τ(x, N, ϕ, s) ≥ s + δ0} > 0,(11)

whereas [6, Assumption 5] would require the existence of δ0 > 0 with

inf
ϕ∈Φ

Pϕ,s,x{τ(x,N, ϕ, s) ≥ s + δ0}

arbitrarily close to one, which of course is much more restrictive
than (11). The reason for this is that to prove a result such as Theo-
rem 3.1, for instance, Doshi considers deterministic intervals, say [s, s+
δ0], while in our proofs we deal with random intervals [s, τ(x,N, ϕ, s)].

5 Examples

Finite horizon controlled diffusions. The topic of controlled diffu-
sions over finite intervals has been extensively studied by many authors,
in particular, by Krylov [18]. We are going to show that his hypothe-
ses on the control model imply our assumptions and, therefore, we can
use the results in Section 3 to prove the existence of a solution to the
optimality equation and the existence of optimal controls.

For expositional ease, we will analyze one-dimensional controlled dif-
fusions, though the results may be generalized to the multidimensional
case.

Suppose that the state space is R and that the set of admissible
controls is a compact Borel space A. We fix a time horizon [0, T ], where
T > 0. Let {Wt,Ft}t≥0 be a one-dimensional Brownian motion.

We consider real-valued functions b(t, x, a) and σ(t, x, a), defined for
0 ≤ t ≤ T , x ∈ R and a ∈ A. Suppose that the state of the system
is x at time t ∈ [0, T ) and that we use the control a ∈ A. Then, the
infinitesimal evolution of the state of the system is determined by

dx = b(t, x, a)dt + σ(t, x, a)dWt.

This formula will be given a formal definition in the next paragraph.
Define Ct as the family of continuous functions from [0, t] to R.

Let Nt, for t ≥ 0, be the minimal σ-algebra that contains the sets of
the form {x ∈ Ct : x(s) ∈ Γ} for s ∈ [0, t] and Γ ∈ B, the Borel σ-
algebra of R. We say that ϕ := {ϕ(t, ·)}0≤t≤T is an admissible strategy
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if ϕ(t, ·) : Ct → A is Nt-measurable for all 0 ≤ t ≤ T and, moreover, for
every s ∈ [0, T ] and x ∈ R, there exists a solution of

x(t) = x +
∫ t

0
b(s + u,x(u), ϕ(u,x))du +

∫ t

0
σ(s + u,x(u), ϕ(u,x))dWu

for 0 ≤ t ≤ T − s, which is adapted to {Ft}t≥0. Then we define
x(t, ϕ) := x(t−s) for s ≤ t ≤ T , which has initial value x(s, ϕ) = x. As-
sumption CD below ensures the existence of such solutions. The proba-
bility measure Pϕ,s,x and the expectation operator Eϕ,s,x corresponding
to {x(t, ϕ)}s≤t≤T are given the same definitions as in Section 2.

It follows that history-dependent strategies are also admissible. We
denote by Φ the set of admissible strategies, which contains Φ, the family
of Markov strategies. We define V T (ϕ, s, x) as in (2), that is

V T (ϕ, s, x) := Eϕ,s,x

∫ T

s
e−α(t−s)r(x(t, ϕ), ϕ(t, x(t, ϕ)))dt,(12)

(recall that r is the reward rate) and (cf. (3))

V ∗T (s, x) := sup
ϕ∈Φ

V T (ϕ, s, x)(13)

for s ∈ [0, T ] and x ∈ R.
We impose the following Assumption CD (where CD stands for “con-

trolled diffusions”), which is drawn from [18].

Assumption CD.

(a) The functions b(t, x, a), σ(t, x, a) and r(x, a) are continuous with
respect to (t, x, a) ∈ [0, T ]× R×A, uniformly in a ∈ A.

(b) There exist nonnegative constants K and p such that

|σ(t, x, a)− σ(t, y, a)|+ |b(t, x, a)− b(t, y, a)| ≤ K|x− y|,

|σ(t, x, a)|+ |b(t, x, a)| ≤ K(1+ |x|) and |r(x, a)| ≤ K(1+ |x|)p

for all 0 ≤ t ≤ T , a ∈ A and x, y ∈ R.

(c) The functions b, σ and r have derivatives with respect to t ∈ [0, T ]
and second derivatives with respect to x ∈ R, for each a ∈ A.
Assume also that these derivatives are continuous on [0, T ] × R
and that they are bounded by K(1 + |x|)p.
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(d) For each R > 0 there exists some δR > 0 such that

|σ(t, x, a)| ≥ δR

for t ∈ [0, T ], a ∈ A and |x| ≤ R.

These assumptions are quite standard in the theory of stochastic
differential equations.

By Vt, Vx and Vxx we will denote the derivative with respect to
t ∈ [0, T ] and the first and second derivatives with respect to x ∈ R,
respectively, of a real-valued function V defined on [0, T ]×R. If Vt and
Vxx are continuous on [0, T ]× R we will write V ∈ C1,2([0, T ]× R).

In Theorem 3.1 we proved that Assumptions A and B implied the
existence of a solution to the finite horizon optimality equation. Notice
however that Assumption A was used only to ensure the finiteness of
(12) and (13), which in fact can be derived from Assumption CD; see the
footnote in [18, p. 131]. Therefore, it suffices to prove that Assumption
CD implies Assumption B.

Theorem 5.1 Suppose that Assumption CD holds and that V ∗T
t and

V ∗T
xx are continuous on [0, T ]×R. Then Assumption B is satisfied and,

therefore, V ∗T is the unique solution v in (∩ϕ∈ΦDϕ) ∩ C1,2([0, T ] × R)
of the equation

αv(t, x) = supa∈A {r(x, a) + vt(t, x) + b(t, x, a)vx(t, x)

+ 1
2σ2(t, x, a)vxx(t, x)

}

for 0 ≤ t < T , and v(T, x) = 0, for every x ∈ R.
Moreover, there exists an optimal Markov strategy.

Observe that Theorem 4.7.7 in [18] ensures the existence of V ∗T
t and

V ∗T
xx but their continuity cannot be proved in such a general framework.

However, for specific models, the continuity of the derivatives can be
shown; see, for instance, the one dimensional controlled diffusion with
two boundaries analyzed in [18, Section 1.4].

Furthermore, under Assumption CD, [18, Theorem 4.7.7] shows that
V ∗T is a solution of the optimality equation almost-everywhere in [0, T ]×
R. Also, under Assumption CD, a uniqueness result is proved in [18,
Theorem 5.3.14].

As a conclusion, we have reached the same results as in [18] but
using a general approach.
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Infinite horizon controlled Markov chains. We consider a contin-
uous-time controlled Markov chain with denumerable state space. Our
approach in based on the paper [13].

Without loss of generality, we assume that the state space X is the
set of nonnegative integers. Define q(y|x, a) as the transition rate from
state x ∈ X to state y ∈ X when the action a ∈ A(x) is chosen. Note
that we do not assume that the Borel space A(x) is σ-compact. Indeed,
this hypothesis was needed to derive the existence of a measurable selec-
tor as in [23, Corollary 4.3]. In our particular case, since X is discrete,
any function f : X → A with f(x) ∈ A(x) is a measurable selector.

Admissible strategies ϕ are defined as those for which

t 7→ qxy(t, ϕ) := q(y|x, ϕ(t, x))

is continuous on [0,∞) for every x, y ∈ X. In [13] randomized strategies
are also considered but, in fact, it is easily shown that we can restrict
ourselves to deterministic strategies, as we did in Section 2.

The following Assumption CMC (where CMC stands for “controlled
Markov chains”) is taken from [13].

Assumption CMC.

(a) The transition rates are conservative and stable, that is

∑

y∈X

q(y|x, a) = 0 and q(x) := sup
a∈A(x)

{−q(x|x, a)} < ∞

for every (x, a) ∈ K.

(b) Assumption A (see Section 2) is satisfied.

(c) For each x ∈ X, A(x) is compact and the functions r(x, a) (r is the
reward rate), q(y|x, a) and

∑
y∈X q(y|x, a)W (y) are continuous on

A(x) for each x, y ∈ X.

(d) There exists a nonnegative function W ′ on X and constants c′ > 0,
b′ ≥ 0 and M ′ > 0 such that

q(x)W (x) ≤ M ′W ′(x) and
∑

y∈X

q(y|x, a)W ′(y) ≤ c′W ′(x) + b′

for (x, a) ∈ K.
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Observe that Assumptions A(1) and A(2) in [13] are omitted in
Assumption CMC above because they are implied by the fact that W
is a Lyapunov function.

It is proved in [13] that Assumptions CMC(a) and CMC(b) imply
that V ∗ is the unique solution in BW of the infinite horizon optimality
equation and that there exist ε-optimal stationary policies. Further-
more, if Assumptions CMC(c) and CMC(d) are satisfied, then there
exists an optimal stationary policy.

Let us now show that our assumptions in this paper are implied by
Assumption CMC.

Theorem 5.2 (i) Suppose that Assumptions CMC(a) and CMC(b) are
satisfied. Then Assumptions A and E are verified and, therefore,
V ∗ is the unique solution v in BW of the equation

αv(x) = sup
a∈A(x)

{r(x, a) +
∑

y∈X

q(y|x, a)v(y)} for x ∈ X

and, for every ε > 0, there exist ε-optimal stationary strategies.

(ii) If, in addition, Assumptions CMC(c)–(d) are satisfied, then the
hypotheses of Corollary 4.6 are verified and, therefore, there exist
optimal stationary strategies.

This theorem shows that our general approach may be used to derive
the result stated in [13, Theorem 3.2] for continuous-time controlled
Markov chains.

6 Preliminary results

In this section we present several useful results. Although most of them
are well known in the literature of continuous-time control models, we
include them here for completeness.

Lemma 6.1 For every x ∈ X and s ≥ 0

V ∗(s, x) := sup
ϕ∈Φ

V (ϕ, s, x) = sup
ϕ∈Φ

V (ϕ, x) =: V ∗(x).

Proof. For an arbitrary ϕ ∈ Φ define ϕ+s ∈ Φ as

ϕ+s(t, ·) := ϕ(s + t, ·) for t ≥ 0,
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and ϕ−s ∈ Φ as
{

ϕ−s(t, ·) := ϕ(0, ·) if 0 ≤ t < s

ϕ−s(t, ·) := ϕ(t− s, ·) if t ≥ s.

It turns out that

V (ϕ, s, ·) = V (ϕ+s, ·) and V (ϕ, ·) = V (ϕ−s, s, ·).

Taking the supremum in these equalities yields the stated fact. ¤

Our next result, which is stated without proof, is a consequence of
[20, Theorem 2.1(iii)]. See also [13, Theorem 3.1].

Lemma 6.2 Suppose that Assumption A(a) is verified and let ϕ ∈ Φ.
Then for every s ≥ 0 and x ∈ X

Eϕ,s,xW (x(t, ϕ)) ≤ ec(t−s)W (x) +
b

c
(ec(t−s) − 1) for every t ≥ s.

This lemma, together with Assumption A(b), shows that the expres-
sions (2)–(6) are well defined and finite. This lemma also ensures that
the functions we will deal with (e.g. V (ϕ, s, ·), V ∗, V ∗m(s, ·), etc.) are
in BW .

We state without proof the standard “product derivative” property
of the generator L (see, e.g., [14, Lemma 2.1]).

Lemma 6.3 Suppose that ϕ ∈ Φ and v : [0,∞) × X → R in Dϕ are
given. For α > 0, define the function v : [0,∞) ×X → R as v(t, x) :=
e−αtv(t, x). Then v is in Dϕ and

(Lϕ(t,x)v)(t, x) = e−αt(Lϕ(t,x)v)(t, x)− αe−αtv(t, x)

for x ∈ X and t ≥ 0.

Our following three lemmas are usually known as verification theo-
rems.

Lemma 6.4 Suppose that Assumption A is verified. Fix a time horizon
[0,m], where m > 0. Given ϕ ∈ Φ, if a function v : [0,m]×X → R in
Dϕ satisfies, for all x ∈ X and 0 ≤ t < m,

αv(t, x) = r(x, ϕ(t, x)) + (Lϕ(t,x)v)(t, x),(14)
v(m,x) = 0,
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then
v(s, x) = V m(ϕ, s, x) for all x ∈ X and s ∈ [0, m].(15)

If (14) holds with inequality ≥ or ≤ then the equality in (15) is replaced
with ≥ or ≤, respectively.

Proof. We fix s ∈ [0,m) and an initial state x ∈ X at time s. By (14)
we have, for s ≤ t ≤ m,

αv(t, x(t, ϕ)) = r(x(t, ϕ), ϕ(t, x(t, ϕ))) + (Lϕ(t,x(t,ϕ))v)(t, x(t, ϕ))(16)

v(m,x(m,ϕ)) = 0.(17)

Multiplying (16) by e−α(t−s), integrating over the interval [s,m], and
then taking expectation Eϕ,s,x gives

Eϕ,s,x

[∫ m
s αe−α(t−s)v(t, x(t, ϕ))dt

]

= V m(ϕ, s, x) + Eϕ,s,x

[∫ m
s e−α(t−s)(Lϕ(t,x(t,ϕ))v)(t, x(t, ϕ))dt

]
.

(18)

Applying Lemma 6.3 to v : (t, x) 7→ e−αtv(t, x), from (18) and using
Dynkin’s formula, we obtain

0 = V m(ϕ, s, x) + eαs[e−αmEϕ,x,s[v(m, x(m,ϕ))]− e−αsv(s, x)],

and thus (recall (17)) v(s, x) = V m(ϕ, s, x).
The proof when the equality is replaced with an inequality is made

using the same technique. ¤

In Lemma 6.5 below we state a verification theorem for the infinite
horizon discounted payoff of a stationary strategy. The corresponding
result for a nonstationary strategy is given in Lemma 6.6.

Lemma 6.5 Suppose that Assumption A is satisfied, and let f ∈ F.
The infinite horizon discounted reward V (f, ·) is the unique solution v
in Df ∩ BW of the equation

αv(x) = r(x, f(x)) + (Lf(x)v)(x) for every x ∈ X.(19)

If (19) holds with inequality ≥ or ≤, then v ≥ V (f, ·) or v ≤ V (f, ·),
respectively.
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Proof. Lemma 6.2 implies that the function x 7→ r(x, f(x)) is in the
domain of the α-resolvent of the Markov process x(·, f). Indeed,

Ef,x

[∫ ∞

0
e−αt|r(x(t, f), f(x(t, f)))|dt

]

≤ M

∫ ∞

0
e−αtEf,x[W (x(t, f))]dt < ∞.

As a consequence of [8, Lemma 4.3], it follows that V (f, ·) ∈ Df is a
solution of (19).

Suppose now that v ∈ Df ∩ BW satisfies (19). Then

v(x(t, f)) = r(x(t, f), f(x(t, f))) + (Lf(x(t,f))v)(x(t, f)) for all t ≥ 0.

Multiplying this expression by e−αt, integrating over [0, T ], then taking
expectation Ef,x, and using Dynkin’s formula as in Lemma 6.4, gives
that

v(x) = Ef,x

[∫ T

0
e−αtr(x(t, f), f(x(t, f)))dt

]
+ e−αTEf,x[v(x(T, f))].

By Lemma 6.2 and dominated convergence, it follows that

lim
T→∞

Ef,x

[∫ T

0
e−αtr(x(t, f), f(x(t, f)))dt

]
= V (f, x).

Also by Lemma 6.2 and recalling that v is in BW , e−αTEf,x[v(x(T, f))]
tends to zero as T →∞. It follows that v = V (f, ·).

The result for the inequalities is derived similarly. ¤

Lemma 6.6 Suppose that Assumptions A, B(d) and C are verified.
Given ϕ ∈ Φ, s ≥ 0 and x ∈ X, the following holds:

αV (ϕ, s, x) = r(x, ϕ(s, x)) + (Lϕ(s,x)V (ϕ, ·, ·))(s, x).(20)

Proof. The proof technique is similar to that of Theorem 3.1 and, there-
fore, we will skip some details. We proceed by contradiction. If the
stated result does not hold then there exist s ≥ 0 and x ∈ X such that
for some ε > 0 either

αV (ϕ, s, x) + 2ε ≤ r(x, ϕ(s, x)) + (Lϕ(s,x)V (ϕ, ·, ·))(s, x)(21)

or
αV (ϕ, s, x)− 2ε ≥ r(x, ϕ(s, x)) + (Lϕ(s,x)V (ϕ, ·, ·))(s, x).(22)
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Suppose for instance that (21) holds. By the continuity Assumption C,
there exist δ > 0 and a neighborhood N of x such that

αV (ϕ, t, y) + ε ≤ r(y, ϕ(t, y)) + (Lϕ(t,y)V (ϕ, ·, ·))(t, y)(23)

for s ≤ t ≤ s + δ and y ∈ N . Define

τδ := min{τ(x,N, ϕ, s), s + δ},

and notice that Assumption B(d) implies that

Eϕ,s,x[e−α(τδ−s)] < 1.

Inequality (23) gives

αV (ϕ, t, x(t, ϕ)) + ε

≤ r(x(t, ϕ), ϕ(t, x(t, ϕ))) + (Lϕ(t,x(t,ϕ))V (ϕ, ·, ·))(t, x(t, ϕ))

for s ≤ t ≤ τδ. Multiplying this expression by e−α(t−s), integrating
over [s, τδ], taking expectation Eϕ,s,x, and then using Dynkin’s formula
yields

ε

α
(Eϕ,s,x[e−α(τδ−s)]− 1) ≥ 0,

which is a contradiction.
Similary, one can prove that (22) cannot hold, and the stated result

follows. ¤

Observe that to prove the converse of Lemma 6.6 (cf. Lemma 6.5)
and, in order to use the same technique as in the proof of Lemma 6.5, we
would need to impose some boundedness assumptions on the function
v(·, x) solution of (20).

The next result deals with the existence of measurable maximizers
for a multifunction. For its proof see Theorems 1 and 2 in [3, Section
VI.3], for instance.

Lemma 6.7 Suppose that the multifunction Ψ from X to A is contin-
uous and compact-valued. Let g : K → R be a continuous function and
define the function h as

h(x) := max
a∈Ψ(x)

g(x, a) for x ∈ X.

Then there exists a measurable selector f : X → A such that h(x) =
g(x, f(x)) for each x ∈ X and, moreover, h is continuous.
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Finally, to conclude this section we propose a more easily verifiable
sufficient condition for Assumption B(d).

Lemma 6.8 Suppose that given x ∈ X, a neighborhood N of x, and
s ≥ 0, there exists δ0 > 0 such that

inf
ϕ∈Φ

Pϕ,s,x{τ(x, N, ϕ, s) ≥ s + δ0} > 0.

Then Assumption B(d) is verified.

Proof. Fix x ∈ X, a neighborhood N of x and s ≥ 0. Observe that the
function

δ 7→ inf
ϕ∈Φ

Pϕ,s,x{τ(x,N, ϕ, s) ≥ s + δ}

is decreasing, and so, our hypothesis implies that

inf
ϕ∈Φ

Pϕ,s,x{τ(x, N, ϕ, s) ≥ s + δ} > 0 for all 0 < δ ≤ δ0.

Now fix ϕ ∈ Φ and, to simplify the notation, let

D(δ, ϕ) := {τ(x, N, ϕ, s) ≥ s + δ}.

Note that Eϕ,s,x[exp{−α min{τ(x,N, ϕ, s)− s, δ}}] equals

Eϕ,s,x[ID(δ,ϕ)e
−αδ] + Eϕ,s,x[IDc(δ,ϕ) exp{−α(τ(x,N, ϕ, s)− s)}].

As a consequence,

Eϕ,s,x[exp{−α min{τ(x,N, ϕ, s)−s, δ}}] ≤ 1−(1−e−αδ)Pϕ,s,x(D(δ, ϕ)).

Hence,

sup
ϕ∈Φ

Eϕ,s,x[exp{−α min{τ(x,N, ϕ, s)− s, δ}}] < 1

for all 0 < δ ≤ δ0. Observe now that

δ 7→ sup
ϕ∈Φ

Eϕ,s,x[exp{−α min{τ(x,N, ϕ, s)− s, δ}}]

is a decreasing function, from which we conclude that Assumption B(d)
is satisfied. ¤
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7 Proof of results in Sections 3 and 4

Proof of Theorem 3.1. It is obvious that V ∗m satisfies (9). To prove
(8) we will proceed as follows.

(24)

(i) Show that

αV ∗m(s, x) ≤ sup
a∈A(x)

{r(x, a) + (LaV ∗m)(s, x)}
for 0 ≤ s < m and x ∈ X.

(ii) Prove that there exist ε-optimal strategies.

(iii) Show that

αV ∗m(s, x) ≥ sup
a∈A(x)

{r(x, a) + (LaV ∗m)(s, x)}

for 0 ≤ s < m and x ∈ X.

(iv) Finally, we will establish that V ∗m is the unique solution of (8)–(9)
that satisfies Assumption B(c).

Proof of (i). We proceed by contradiction. If (24) does not hold then
there exist 0 ≤ s < m and x ∈ X such that

V ∗m(s, x) > sup
a∈A(x)

{r(x, a) + (LaV ∗m)(s, x)}.

Our continuity assumptions B(a) and B(b) ensure that there exist ε > 0,
δ ∈ (0, m − s) and a neighborhood N of x such that for every y ∈ N
and t ∈ [s, s + δ]

V ∗m(t, y)− ε > sup
a∈A(y)

{r(y, a) + (LaV ∗m)(t, y)},

and thus for every ϕ ∈ Φ

V ∗m(t, y)− ε ≥ r(y, ϕ(t, y)) + (Lϕ(t,y)V ∗m)(t, y)(25)

for s ≤ t ≤ s + δ and y ∈ N . Let

τδ := min{τ(x,N, ϕ, s), s + δ}(26)

where, for notational simplicity, we omit x, N , ϕ and s.
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Hence, for s ≤ t ≤ τδ the process {x(t, ϕ)} verifies

V ∗m(t, x(t, ϕ))− ε ≥ r(x(t, ϕ), ϕ(x(t, ϕ))) + (Lϕ(t,x(t,ϕ))V ∗m)(t, x(t, ϕ)).

Multiplying this expression by e−α(t−s), integrating over the interval
[s, τδ], and then taking expectation Eϕ,s,x yields

Eϕ,s,x

[∫ τδ

s e−α(t−s)V ∗m(t, x(t, ϕ))dt
]− ε

α(1−Eϕ,s,xe−α(τδ−s))

≥ Eϕ,s,x

[∫ τδ

s e−α(t−s)[r(x(t, ϕ), ϕ(x(t, ϕ)))

+ (Lϕ(t,x(t,ϕ))V ∗m)(t, x(t, ϕ))]dt
]
.

(27)

Then observe that by the Markov property

V m(ϕ, s, x) = Eϕ,s,x

[∫ τδ

s e−α(t−s)[r(x(t, ϕ), ϕ(x(t, ϕ)))]dt
]

+ Eϕ,s,x[e−α(τδ−s)V m(ϕ, τδ, x(τδ, ϕ))],
(28)

and also that defining V
∗m(t, y) := e−αtV ∗m(t, y) for 0 ≤ t ≤ m and

y ∈ X, by Lemma 6.3 we have

(LaV
∗m)(t, y) = e−αt(LaV ∗m)(t, y)− αe−αtV ∗m(t, y).(29)

Hence, applying Dynkin’s formula we obtain

Eϕ,s,x[e−ατδV ∗m(τδ, x(τδ, ϕ))]− e−αsV ∗m(s, x)

= Eϕ,s,x

[∫ τδ

s (Lϕ(t,x(t,ϕ))V
∗m)(t, x(t, ϕ))dt

]
.

(30)

Substituting (28), (29) and (30) in (27) gives

V ∗m(s, x)− V m(ϕ, s, x) ≥ ε
α(1−Eϕ,s,x[e−α(τδ−s)])

+ Eϕ,s,x[e−α(τδ−s)(V ∗m(τδ, x(τδ, ϕ))− V m(ϕ, τδ, x(τδ, ϕ)))],

which, by (3), implies that

V ∗m(s, x)− V m(ϕ, s, x) ≥ ε

α
(1−Eϕ,s,x[e−α(τδ−s)]).

By Assumption B(d) there exists some η such that Eϕ,s,x[e−α(τδ−s)] ≤
η < 1 for every ϕ ∈ Φ. We deduce that

V ∗m(s, x)− V m(ϕ, s, x) ≥ ε

α
(1− η) for every ϕ ∈ Φ,
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which contradicts the definition of V ∗m (see (3)). This establishes state-
ment (i).

Proof of (ii). We fix an arbitrary ε > 0. The continuity of the function
a 7→ r(x, a) + (LaV ∗m)(s, x) (Assumption B(c)), together with the fact
that A(x) is σ-compact and that K is measurable, implies that the hy-
potheses of [23, Corollary 4.3] are fulfilled. So, there exists a measurable
selector or, in other words, there exists ϕ ∈ Φ such that

αV ∗m(t, y) ≤ r(y, ϕ(t, y)) + (Lϕ(t,y)V ∗m)(t, y) + αε(31)

for 0 ≤ t < m and y ∈ X (recall (24)), and, therefore,

α(V ∗m − ε1)(t, x(t, ϕ)) ≤ r(x(t, ϕ), ϕ(t, x(t, ϕ)))

+ (Lϕ(t,x(t,ϕ))(V ∗m − ε1))(t, x(t, ϕ))
(32)

for 0 ≤ t < m, where 1 is the constant function equal to 1. Multiplying
expression (32) by e−α(t−s), where 0 ≤ s < m, integrating over the
interval t ∈ [s,m] and then taking expectation Eϕ,s,x (for arbitrary
x ∈ X) yields, using standard arguments, that

V ∗m(s, x)− ε ≤ V m(ϕ, s, x) + e−α(m−s)(Eϕ,s,x[V ∗m(m,x(m,ϕ))]− ε)

or, equivalently, taking into account (9) (cf. Lemma 6.4),

V ∗m(s, x) ≤ V m(ϕ, s, x) + ε(1− e−α(m−s))

for 0 ≤ s < m and x ∈ X.
(33)

This shows that ϕ ∈ Φ is ε-optimal.

Proof of (iii). To prove (iii) we will also proceed by contradiction. Hence
suppose that there exist x ∈ X and s ∈ [0,m) such that

αV ∗m(s, x) < sup
a∈A(x)

{r(x, a) + (LaV ∗m)(s, x)}.

Therefore, by Assumption B, there exist β > 0, δ ∈ (0,m − s) and a
neighborhood N of x such that

αV ∗m(t, y) + β ≤ sup
a∈A(y)

{r(y, a) + (LaV ∗m)(t, y)}

for y ∈ N and s ≤ t ≤ s + δ. Fix arbitrary ε > 0 and choose ϕ ∈ Φ as
in (31). Then

αV ∗m(t, y) + β ≤ r(y, ϕ(t, y)) + (Lϕ(t,y)V ∗m)(t, y) + αε(34)



Continuous-time Markov control processes 27

for y ∈ N and s ≤ t ≤ s + δ. Observe that (34) is the same as (25)
except for the inequality sign and the value of the constants. Hence,
exactly as in the proof of (i) and with τδ defined similarly (see (26)), we
obtain

V ∗m(s, x)− V m(ϕ, s, x) ≤ αε−β
α (1−Eϕ,s,x[e−α(τδ−s)])

+ Eϕ,s,x[e−α(τδ−s)(V ∗m(τδ, x(τδ, ϕ))− V m(ϕ, τδ, x(τδ, ϕ)))].

Recalling (33), this yields that

0 ≤ V ∗m(s, x)− V m(ϕ, s, x)

≤ αε−β
α (1−Eϕ,s,x[e−α(τδ−s)])

+ ε(Eϕ,s,x[e−α(τδ−s)]− e−α(m−s)).

(35)

By Assumption B(d), there exists some η such that Eϕ,s,x[e−α(τδ−s)] ≤
η < 1 for all ϕ ∈ Φ and thus, letting ε tend to 0 in (35), we obtain
0 ≤ −β

α(1− η), which is not possible. Therefore, we have proved (iii).

Proof of (iv). Finally, the uniqueness of the solution of (8)–(9) follows
from standard arguments. More precisely,

αv(s, x) ≥ sup
a∈A(x)

{r(x, a) + (Lav)(s, x)} for 0 ≤ s < m and x ∈ X

and (9) imply that V ∗m ≤ v (see Lemma 6.4), whereas the reverse
inequality gives (as in the proof of (ii) and recalling that v satisfies
Assumption B(c)) the existence of strategies with payoff arbitrarily close
to v, thus establishing that v = V ∗m. ¤

Proof of Corollaries 3.2 and 3.3. These results are easily proved
using [23, Corollary 4.3] and Lemma 6.7. ¤

Proof of Theorem 4.1. Fix a time horizon [0,m], with m > T , and an
arbitrary strategy ϕ ∈ Φ. By Theorem 3.1 we have that, for 0 ≤ t < m
and y ∈ X,

αV ∗m(t, y) ≥ r(y, ϕ(t, y)) + (Lϕ(t,y)V ∗m)(t, y).(36)

Recalling Lemma 6.6 we also have

αV (ϕ, t, y) = r(y, ϕ(t, y)) + (Lϕ(t,y)V (ϕ, ·, ·))(t, y)(37)
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for 0 ≤ t < m and y ∈ X. Substracting (37) from (36) gives that for
0 ≤ t < m and y ∈ X

αV ∗m(t, y)− αV (ϕ, t, y) ≥ (Lϕ(t,y)(V ∗m − V (ϕ, ·, ·)))(t, y)

or, equivalently, (Lϕ(t,y)V )(t, y) ≤ 0, where we define

V (t, y) := e−αt(V ∗m(t, y)− V (ϕ, t, y))

(recall Lemma 6.3). Using Dynkin’s formula we derive that

Eϕ,s,x[e−αm(V ∗m(m,x(m,ϕ))− V (ϕ,m, x(m,ϕ)))]

≤ e−αs(V ∗m(s, x)− V (ϕ, s, x)).

By Theorem 3.1, we have that V ∗m(m,x(m, ϕ)) = 0 and thus, for every
x ∈ X, 0 ≤ s ≤ T and ϕ ∈ Φ,

−Eϕ,s,x[e−αmV (ϕ,m, x(m,ϕ))] ≤ e−αs(V ∗m(s, x)− V (ϕ, s, x)).

Using properties of the conditional expectation, one can easily show
that

Eϕ,s,x[e−αmV (ϕ,m, x(m,ϕ))]

= Eϕ,s,x

[∫∞
m e−αtr(x(t, ϕ), ϕ(t, x(t, ϕ)))dt

]
.

Now, by Lemma 6.2, for x ∈ X and s ∈ [0, T ],

|Eϕ,s,x[e−αmV (ϕ,m, x(m,ϕ))]| ≤ W (x)H(T, m),

where

H(T,m) := M

[
ecT

(
e−(α−c)m

α− c
(1 + (b/c))

)
+ (b/c)

e−αm

α

]
,(38)

with b, c and M as in Assumption A. Therefore, for every ϕ ∈ Φ, x ∈ X
and s ∈ [0, T ],

V (ϕ, s, x)− V ∗m(s, x) ≤ W (x)H(T, m)eαT .(39)

Taking the supremum in (39) over ϕ ∈ Φ and recalling Lemma 6.1 gives

V ∗(x)− V ∗m(s, x) ≤ W (x)H(T, m)eαT(40)

for x ∈ X and 0 ≤ s ≤ T .
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To prove the theorem we will show that an inequality similar to (40)
holds, but now with a lower bound.

Fix a positive number ε and let ϕ be ε-optimal for the finite horizon
problem over the time horizon [0, m], that is,

V m(ϕ, s, x) + ε ≥ V ∗m(s, x) for every x ∈ X and s ∈ [0,m].

On the other hand,

V (ϕ, s, x)

= V m(ϕ, s, x) + Eϕ,s,x

[∫ ∞

m
e−α(t−s)r(x(t, ϕ), ϕ(t, x(t, ϕ)))dt

]

≤ V ∗(x)

and, therefore, using the bound (39), we obtain

V ∗m(s, x)−H(T, m)W (x)eαT ≤ V ∗(x) + ε

for every x ∈ X, ε > 0 and 0 ≤ s ≤ T . Since ε is arbitrary, this yields,
together with (40),

sup
0≤s≤T

||V ∗m(s, ·)− V ∗||W ≤ H(T,m)eαT for m > 0.

Since H(T, m) converges to zero when T is fixed and m →∞, we obtain
the stated result. ¤

Proof of Corollary 4.3. By Assumption B(a), x 7→ V ∗m(0, x) is a
continuous function. Since W is bounded on compact sets, it follows
that {V ∗m(0, ·)}m>0 converges uniformly to V ∗ on compact sets. Recall-
ing that X is locally compact, this proves that V ∗ is continuous. ¤

Remark 7.1 Let us make some final comments on these results. If
we do not impose Assumption C then, in the proof of Theorem 4.1,
expressions (36) and (37) would be valid only for stationary strategies
f ∈ F. Thus defining Ṽ ∗(x) := supf∈F V (f, x) and recalling Lemma 6.5,
inequality (40) would become

Ṽ ∗(x)− V ∗m(s, x) ≤ H(T, m)W (x)eαT for x ∈ X and 0 ≤ s ≤ T .

The rest of the proof of Theorem 4.1 remains valid, and then

−H(T,m)W (x)eαT ≤ V ∗(x)− V ∗m(s, x) for x ∈ X and 0 ≤ s ≤ T .
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It follows that if we knew in advance that V ∗ = Ṽ ∗, then Theorem 4.1
would be verified without imposing Assumption C. However, the (well
known) fact that V ∗ = Ṽ ∗ is derived using the infinite horizon optimality
equation, which has not yet been proved.

Proof of Theorem 4.4. First of all let us prove that for every x ∈ X

lim
m→∞ sup

f∈F
|(Lf(x)V ∗m)(0, x)− (Lf(x)V ∗)(x)| = 0.(41)

We will proceed by contradiction. Hence, suppose that there exist x ∈
X, ε > 0 and fm ∈ F such that

|(Lfm(x)V ∗m)(0, x)− (Lfm(x)V ∗)(x)| > ε

for infinitely many values of m. Therefore, for infinitely many m, either

(Lfm(x)V ∗m)(0, x)− (Lfm(x)V ∗)(x) > ε(42)

or
(Lfm(x)V ∗m)(0, x)− (Lfm(x)V ∗)(x) < −ε.(43)

Suppose for instance that (42) holds. By Assumption D(b) there exists
δ > 0 and a neighborhood N of x such that

(Lfm(y)V ∗m)(t, y)− (Lfm(y)V ∗)(y) ≥ ε/2(44)

for 0 ≤ t ≤ δ and y ∈ N , for infinitely many m. Observe that, by
equicontinuity, neither δ nor N depend on m. Let τm be defined by
τm := min{τ(x,N, fm), δ} and observe that (44) implies that for 0 ≤
t ≤ τm

(Lfm(x(t,fm))V ∗m)(t, x(t, fm))− (Lfm(x(t,fm))V ∗)(x(t, fm)) ≥ ε/2.

As a consequence of Dynkin’s formula we obtain that

Efm,x[V ∗m(τm, x(τm, fm))− V ∗(x(τm, fm))]− [V ∗m(0, x)− V ∗(x)]

≥ ε
2Efm,x[τm].

It follows from Theorem 4.1, the fact that τm ≤ δ and Lemma 6.2, that
the left-hand side of the above inequality is less than or equal to

(
ecδW (x) +

b

c
(ecδ + 1)

)
H(δ,m)eαδ + W (x)H(0,m).
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On the other hand, Assumption B(d) ensures that there exists some
η > 0 such that Efm,x[τm] ≥ η for all m. Therefore, for infinitely
many m

(
ecδW (x) +

b

c
(e|c|δ + 1)

)
H(δ,m)eαδ + W (x)H(0,m) ≥ εη

2
,

which is not possible because H(δ,m) and H(0,m) tend to zero as m→∞.
A similar conclusion is obtained if (43) holds for infinitely many m.

Therefore, (41) shows that for fixed x ∈ X

r(x, a) + (LaV ∗m)(0, x) → r(x, a) + (LaV ∗)(x)

uniformly in a ∈ A(x) as m →∞, and thus

lim
m→∞ sup

a∈A(x)
{r(x, a) + (LaV ∗m)(0, x)} = sup

a∈A(x)
{r(x, a) + (LaV ∗)(x)}.

This also yields that

a 7→ r(x, a) + (LaV ∗)(x) is continuous on A(x).(45)

Hence, letting m →∞ in the finite horizon optimality equation

αV ∗m(0, x) = sup
a∈A(x)

{r(x, a) + (LaV ∗m)(0, x)}

shows that

αV ∗(x) = sup
a∈A(x)

{r(x, a) + (LaV ∗)(x)} for x ∈ X.

The existence of ε-optimal strategies is derived, as in the proof of
Theorem 3.1, using (45) and [23, Corollary 4.3]. The uniqueness of the
solution is proved as in Theorem 3.1.

This completes the proof of Theorem 4.4. ¤

Proof of Theorem 4.5. The proof mimics that of Theorem 3.1 ex-
cept for some technical details derived from the fact that the optimality
equation does not depend on the time component. However, for com-
pleteness of the exposition, we give a full proof of the theorem.

We will show that V ∗ satisfies (10) and then we will establish the
uniqueness property. First of all, let us prove that

αV ∗(x) ≤ sup
a∈A(x)

{r(x, a) + (LaV ∗)(x)} for every x ∈ X.(46)
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We will proceed by contradiction. Hence, suppose that there exists some
x ∈ X such that

αV ∗(x) > sup
a∈A(x)

{r(x, a) + (LaV ∗)(x)}.

By Assumption E(b), there exists some ε > 0 and a neighborhood N of
x with

αV ∗(y)− ε ≥ sup
a∈A(y)

{r(y, a) + (LaV ∗)(y)} for every y ∈ N .(47)

Given arbitrary ϕ ∈ Φ and T > 0, define

τ(ϕ, T ) := min{τ(x, N, ϕ), T}(48)

where for notational convenience, we have omitted x and N .
By (47), for every 0 ≤ t ≤ τ(ϕ, T ) we have

αV ∗(x(t, ϕ))− ε ≥ r(x(t, ϕ), ϕ(x(t, ϕ))) + (Lϕ(t,x(t,ϕ))V ∗)(x(t, ϕ)).

Multiplying both sides of the above inequality by e−αt, integrating over
the interval [0, τ(ϕ, T )], and then taking expectation Eϕ,x yields

Eϕ,x

[∫ τ(ϕ,T )
0 αe−αtV ∗(x(t, ϕ))dt

]
− ε

α(1−Eϕ,x[e−ατ(ϕ,T )])

≥ Eϕ,x

[∫ τ(ϕ,T )
0 e−αt[r(x(t, ϕ), ϕ(x(t, ϕ)))

+ (Lϕ(t,x(t,ϕ))V ∗)(x(t, ϕ))]dt ] .

(49)

Now observe that the Markov property gives

V (ϕ, x) = Eϕ,x

[∫ τ(ϕ,T )
0 e−αtr(x(t, ϕ), ϕ(x(t, ϕ)))dt

]

+ Eϕ,x[e−ατ(ϕ,T )V (ϕ, x(τ(ϕ, T ), ϕ))].
(50)

Observe also that the extended generator applied to the function V
∗

defined as

V
∗(t, y) := e−αtV ∗(y) for t ≥ 0 and y ∈ X,

verifies (by Lemma 6.3) that for t ≥ 0 and y ∈ X

(Lϕ(t,y)V
∗)(t, y) = e−αt(Lϕ(t,y)V ∗)(y)− αe−αtV ∗(y)
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and also that, by Dynkin’s formula,

Eϕ,x[e−ατ(ϕ,T )V ∗(x(τ(ϕ, T ), ϕ))]− V ∗(x)

= Eϕ,x

[∫ τ(ϕ,T )
0 (Lϕ(t,x(t,ϕ))V

∗)(t, x(t, ϕ))dt
]
.

(51)

Substituting (50) and (51) in the inequality (49) shows that

V ∗(x)− V (ϕ, x)− ε

α
(1−Eϕ,x[e−ατ(ϕ,T )]) ≥

Eϕ,x[e−ατ(ϕ,T )[V ∗(x(τ(ϕ, T ), ϕ))− V (ϕ, x(τ(ϕ, T ), ϕ))]].(52)

Since V ∗(·) ≥ V (ϕ, ·), (52) gives

V ∗(x)− V (ϕ, x) ≥ ε

α
(1−Eϕ,x[e−ατ(ϕ,T )]).

If T ↑ ∞ then τ(ϕ, T ) ↑ τ(x,N, ϕ) and, by monotone convergence,

V ∗(x)− V (ϕ, x) ≥ ε

α
(1−Eϕ,x[e−ατ(x,N,ϕ)]).

Therefore, by Assumption E(d), there exists some δ > 0 such that
V ∗(x) − V (ϕ, x) ≥ δ for every ϕ ∈ Φ, which contradicts the definition
of V ∗. This establishes (46).

Before proceeding to prove the reverse inequality, that is,

αV ∗(x) ≥ sup
a∈A(x)

{r(x, a) + (LaV ∗)(x)} for every x ∈ X,(53)

we need first to prove the existence of ε-optimal strategies.
Given ε > 0, [23, Corollary 4.3] and Assumption E(c) ensure that

there exists some f ∈ F for which

αV ∗(x) ≤ r(x, f(x)) + (Lf(x)V ∗)(x) + εα for every x ∈ X,

which implies (Lemma 6.5) that f is ε-optimal.
Now we are ready to prove (53). Again, we proceed by contradiction

supposing that there exists some x ∈ X such that

αV ∗(x) < sup
a∈A(x)

{r(x, a) + (LaV ∗)(x)}.

By Assumption E(b), for some β > 0 and a neighborhood N of x,

αV ∗(y) + β ≤ sup
a∈A(y)

{r(y, a) + (LaV ∗)(y)} for every y ∈ N.
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Given arbitrary ε > 0, let f ∈ F be such that

αV ∗(y) + β ≤ r(y, f(y)) + (Lf(y)V ∗)(y) + αε for every y ∈ N.

Exactly as before (only the inequality sign has changed) we can show
that (cf. (52))

V ∗(x)− V (f, x) + β−ε
α (1−Ef,x[e−ατ(f,T )])

≤ Ef,x[e−ατ(f,T )[V ∗(x(τ(f, T ), f))− V (f, x(τ(f, T ), f))]],
(54)

where τ(f, T ) is defined as in (48). Now, by ε-optimality, V ∗(·) ≤
V (f, ·) + ε and so, (54) implies

V ∗(x)− V (f, x) +
β − ε

α
(1−Ef,x[e−ατ(f,T )]) ≤ εEf,x[e−ατ(f,T )].

Letting T →∞ and rearranging terms, we obtain

V ∗(x)− V (f, x)

≤ −β
α(1−Ef,x[e−ατ(x,N,f))]) + ε

(
1
α + 1+α

α Ef,x[e−ατ(x,N,f)]
)
.

Taking the lim supε→0 in this expression, recalling that f is ε-optimal
and that (by Assumption E(d)) Ef,x[e−ατ(x,N,f)] is bounded away from 1
(uniformly in f), yields a contradiction.

This establishes (53) which, together with (46), proves that V ∗ sat-
isfies (10).

The uniqueness property is proved as in Theorem 4.4. ¤

Remark 7.2 Observe that Theorem 4.5 is verified if we replace the
continuity condition on V ∗ (Assumption E(b)) with the following con-
ditions:

(i) V ∗ is lower semicontinuous,

(ii) for every f ∈ F, V (f, ·) is continuous.

The reason for this is that proving (46) only requires lower semiconti-
nuity of V ∗. Then the existence of ε-optimal stationary strategies shows
that V (fn, ·) converges uniformly to V ∗ for some sequence {fn} ⊆ F,
thus establishing that V ∗ is continuous, which is needed to prove (53).

Proof of Corollaries 4.6 and 4.7. These results are easily proved
using [23, Corollary 4.3] and Lemma 6.7. ¤
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8 Proof of results in Section 5

Finite horizon controlled diffusions.

Lemma 8.1 If Assumption CD holds, then Assumption B(a) is satis-
fied.

Proof. First of all, observe that V ∗T as defined in (13) is not the supre-
mum of the expected reward of the family of Markov strategies, as
defined in (3). However, as a consequence of [18, Theorem 5.1.2] (in
particular, Assumption CD(d) is used)

V ∗T (s, x) = sup
ϕ∈Φ

V T (ϕ, s, x) for every 0 ≤ s ≤ T and x ∈ R.

It is worth noting that the same result can be obtained replacing As-
sumption CD(d) with other nondegeneracy conditions; see [18, p. 214].

By [18, Theorem 4.7.7], we have that V ∗T is continuous on [0, T ]×R
and also that V ∗T has bounded first derivative with respect to t ∈ [0, T ]
and bounded second derivative with respect to x ∈ R . Thus, V ∗T ∈
∩ϕ∈ΦDϕ follows. ¤

Lemma 8.2 If Assumption CD is satisfied and, moreover, the function
V ∗T is in C1,2([0, T ]× R), then Assumptions B(b) and B(c) hold.

Proof. The result is easily proved using Assumption CD and Lemma 6.7.
¤

Lemma 8.3 Assumption CD implies Assumption B(d).

Proof. Fix x ∈ R, a neighborhood N of x and s ≥ 0. To simplify the
notation, and without loss of generality, we will assume that s = 0.
Suppose that (x− ε, x+ ε) ⊆ N for some ε > 0. Let us prove that there
exists δ > 0 such that

inf
ϕ∈Φ

Pϕ,x{τ(x,N, ϕ) > δ} > 0.

Recall that

x(t, ϕ) = x +
∫ t

0
b(s, x(s, ϕ), ϕ(s, x(s, ϕ)))ds

+
∫ t

0
σ(s, x(s, ϕ), ϕ(s, x(s, ϕ)))dWs
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for 0 ≤ t ≤ T . Observe now that

{τ(x,N, ϕ) ≤ δ} ⊆ { sup
0≤t≤δ

|x(t, ϕ)− x| ≥ ε},

and that
{ sup
0≤t≤δ

|x(t, ϕ)− x| ≥ ε} ⊆ D1(δ) ∪D2(δ),

where

D1(δ) :=
{∫ δ

0
|b(s, x(s, ϕ), ϕ(s, x(s, ϕ)))|ds ≥ ε/2

}

and

D2(δ) :=

{
sup

0≤t≤δ

∣∣∣∣
∫ t

0
σ(s, x(s, ϕ), ϕ(s, x(s, ϕ)))dWs

∣∣∣∣ ≥ ε/2

}
.

Suppose that 0 < δ ≤ ε/4K (where K is as in Assumption CD(b)), and
so

D1(δ) ⊆
{∫ δ

0
|x(s, ϕ)|ds ≥ ε/4K

}
⊆

{∫ δ

0
x2(s, ϕ)ds ≥ ε2/16δK2

}
,

where the first inclusion follows from Assumption CD(b) and the second
one from Jensen’s inequality. Therefore, from Chebychev’s inequality,

Pϕ,x(D1(δ)) ≤ 16δK2

ε2
Eϕ,x

[∫ δ

0
x2(s, ϕ)ds

]
.

On the other hand, by the martingale property of the stochastic integrals
and Itô’s isometry (see [21, Corollary 3.2.6])

Pϕ,x(D2(δ)) ≤ 4K2

ε2
Eϕ,x

[∫ δ

0
(1 + |x(s, ϕ)|)2ds

]

≤ 8δK2

ε2
+

8K2

ε2
Eϕ,x

[∫ δ

0
x2(s, ϕ)ds

]
.

Define now

G(ϕ, x, δ) := Eϕ,x

[∫ δ

0
x2(s, ϕ)ds

]
.

So far we have shown that

Pϕ,x{τ(x,N, ϕ) ≤ δ} ≤ 8δK2

ε2
+

16δK2 + 8K2

ε2
G(ϕ, x, δ).(55)
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Therefore, to prove the stated result, it suffices to show that

lim
δ→0

sup
ϕ∈Φ

G(ϕ, x, δ) = 0.(56)

It follows from standard arguments (see the proof of Theorem 5.2.1 in
[21]) that

Eϕ,x[x2(s, ϕ)] ≤ 4K2(T + 1)T + 4K2(T + 1)
∫ s

0
Eϕ,x[x2(u, ϕ)]du

and, from Gronwall’s inequality [21, p. 78],

Eϕ,x[x2(s, ϕ)] ≤ 4K2(T + 1)Te4K2(T+1)T =: ∆ for 0 ≤ s ≤ T ,

which proves that G(ϕ, x, δ) ≤ ∆δ, and (56) follows. Lemma 6.8 to-
gether with (55) completes the proof. ¤

Proof of Theorem 5.1. The proof follows from Lemmas 8.1–8.3, The-
orem 3.1 and Corollary 3.2. ¤

Infinite horizon controlled Markov chains.

Proof of Theorem 5.2.
Proof of (i). Assumptions E(a) and E(b) are easily proved (recall that
the state space X is endowed with the discrete topology). Note however
that the continuity of a 7→ r(x, a)+(LaV ∗)(x) stated in Assumption E(c)
is not necessary because this property was used to derive the existence
of a measurable selector. To prove that Assumption E(d) holds, we shall
prove that Lemma 6.8, which implies Assumption B(d), which in turn
implies Assumption E(d), is satisfied.

Let x ∈ X, s ≥ 0 and N = {x}, which is a neighborhood of x. Then

Pϕ,s,x{τ(x, N, ϕ, s) ≥ s + δ0} = exp{
∫ s+δ0

s
qxx(u, ϕ)du}

≥ exp{−q(x)δ0},

where q(x) is defined as in Assumption CMC(a). Thus

inf
ϕ∈Φ

Pϕ,s,x{τ(x,N, ϕ, s) ≥ s + δ0} > 0

and so, Lemma 6.8 is verified. This shows that Assumptions CMC(a)–
(b) imply Assumption E.
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Proof of (ii). It suffices to show that Assumption E(c) is satisfied, that
is, we must prove that for each x ∈ X, the function

a 7→
∑

y∈X

q(y|x, a)V ∗(y)(57)

is continuous on A(x). For each integer p ≥ 0 we know from Assump-
tion CMC(c) that a 7→ ∑

0≤y≤p q(y|x, a)V ∗(y) is continuous on A(x).
Therefore, if we prove that

lim
p→∞ sup

a∈A(x)

∣∣∣∣∣
∑
y>p

q(y|x, a)V ∗(y)

∣∣∣∣∣ = 0,

then the continuity of (57) will follow. To this end, we will show that if
p ≥ x then

lim
p→∞ sup

a∈A(x)

∑
y>p

q(y|x, a)W (y) = 0.(58)

Observe that the decreasing sequence of continuous functions (indexed
by p ≥ x)

a 7→
∑
y>p

q(y|x, a)V ∗(y)

converges to zero and, therefore, by Dini’s theorem, convergence is uni-
form on the compact set A(x), thus proving (58). This completes the
proof. ¤
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CINVESTAV-IPN,
Apartado Postal 14-740,
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[16] Hernández-Lerma O.; Lasserre J. B., Discrete-Time Markov Con-
trol Processes: Basic Optimality Criteria, Springer, New York,
1996.

[17] Hernández-Lerma O.; Lasserre J. B., Further Topics on Discrete-
Time Markov Control Processes, Springer, New York, 1999.

[18] Krylov N. V., Controlled Diffusion Processes, Springer, New York,
1980.

[19] Kurtz T. G.; Stockbridge R. H., Existence of Markov controls and
characterization of optimal Markov controls, SIAM J. Control Op-
tim. 36 (1998), 609–653. Erratum, ibid. 37 (1998), 1310–1311.

[20] Meyn S. P.; Tweedie R. L., Stability of Markovian processes III:
Foster-Lyapunov criteria for continuous-time processes, Adv. Appl.
Prob. 25 (1993), 518–548.

[21] Øksendal B., Stochastic Differential Equations, Fifth Edition,
Springer, New York, 1998.

[22] Pliska S. R., Controlled jump processes, Stoch. Proc. Appl. 3
(1975), 259–282.

[23] Rieder U., Measurable selection theorems for optimization prob-
lems, Manuscripta Math. 24 (1978), 115–131.

[24] Stockbridge R. H., Time-average control of martingale problems:
existence of a stationary solution, Ann. Probab. 18 (1990), 190–
205.

[25] Stockbridge R. H., Time-average control of martingale problems: a
linear programming formulation, Ann. Probab. 18 (1990), 206–217.


