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Secondary operations in K-theory and the

generalized vector field problem (revisited) ∗

Jesús González Maurilio Velasco-Fuentes
1

Abstract

We describe detailed calculations of secondary operations in com-
plex K-theory leading to results on the generalized vector field
problem for projective spaces. The method was originally pub-
lished by Feder and Iberkleid in 1977. Our interest in understand-
ing those ideas rests on the possibility to extend their results to
the case of 2e-torsion lens spaces in order to analyze the torsion’s
role in the generalized vector field problem for these manifolds.
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1 Introduction

The vector field problem for a given manifold M is to determine the
largest possible number of continuous vector fields on M which are lin-
early independent everywhere; that is, one asks for the largest possible
number of linearly independent sections to the tangent bundle τM . The
problem is rather involved even for “simple” manifolds such as spheres.
In that case the problem was finally solved by J. F. Adams in his cel-
ebrated paper [1] as one of the first of many impressive applications
of K-theory. Adams’ solution made a fundamental use of projective
spaces as follows. The vector field problem for Sn−1 can be stated as to
determine the largest possible k so that the fibration

(1) Vn,k = O(n)/O(n− k) → O(n)/O(n− 1) = Sn−1
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has a single cross section, where Vn,k is the usual Stiefel manifold of k-
planes in Euclidean n-dimensional space. Moreover, the real projective
space Pn−1 sits naturally as reflections in O(n), and hence the stunted
projective space Pn−1

n−k = Pn−1/Pn−k−1 sits inside Vn,k. This yields the
commutative diagram

Pn−1
n−k

π
##●

●●
●●

●●
●

i // Vn,k

||②②
②②
②②
②②
②

Sn−1

where π is the pinching map (this much was known previous to Adams’
work, see for instance [13]). Now, in the relevant range, Pn−1

n−k contains
the complete skeleton of Vn,k into which a potential section for (1) can be
deformed. Thus the problem is reduced to understanding when π admits
a (homotopy) right inverse, or in technical language, to determine when
Pn−1
n−k is reducible. As Adams showed, it is in this last form that the

problem can be completely answered in K-theoretic terms.

The vector field problem for a projective space Pn is far more com-
plex and it stands as a classical open challenge. A related (somehow
smoothen) version of the problem considers the analogous sectioning
question for the stable class of τPn

(2) τPn ⊕ 1 ≃ (n+ 1)ξn

where ξn is the canonical Hopf bundle over Pn. The so-called gener-
alized vector field problem for projective spaces asks to compute, as a
function of m and n, the geometric dimension of mξn, that is to say, to
determine the smallest possible dimension of a vector bundle over Pn

which is stably equivalent to mξn. Note that for m > n, computing
the geometric dimension of the stable bundle mξn is equivalent to the
initial sectioning question for mξn. In particular, for m = n + 1, the
above picks information on the original vector field problem for projec-
tive spaces. Right at this point we find one of the main differences with
the corresponding problem for spheres: τSk is stably trivial whereas
computing the geometric dimension of (2) is a highly nontrivial task. In
fact, the complexity of the new problem can be better appreciated from
the observation in [11] that the (already stable) case m = 2L − n − 1
(L ≫ 0) in the generalized vector field problem for projective spaces is
equivalent to the immersion problem for those manifolds —yet another
classical open challenge.
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The purpose of this work is to develop in detail a method introduced
by Feder and Iberkleid in [8] for computing secondary characteristic
classes in K-theory in order to obtain conditions for sectioning unstable
vector bundles of the form

(3) E ⊗ ξm −→ X × Pm.

The relevance of (3) in the generalized vector field problem comes
from the usual trick for converting a multiple sectioning problem into a
single sectioning one —which plays the analogue of (1) as an alternative
statement for the vector field problem for spheres. Indeed, if a vector
bundle E over X admits m + 1 linearly independent sections, then in
view of (2), E ⊗ ξm would have a single no-where zero section, and
in such a case one could use (generalized) characteristic classes to give
obstructions for the existence of such a section. We remark that in the
metastable range —that is, when dim(X) < 2(dim(E) −m − 1)— the
above sectioning reduction is reversible (see [2]).

As already noted in [8], the method works best for a torsion space X,
and this is in fact our motivation for understanding Feder and Iberkleid’s
ideas. In a future work we will adapt their methods to general 2e-torsion
lens spaces in order to get a better picture of the role of the 2-torsion
in the problem.

We now state Feder’s and Iberkleid’s main result.

Theorem 1.1 Let k > n and assume the binomial coefficient
(

k−1
n

)

is
odd. Then 2kξ2n does not have 2k − 2n + 2ν2(2k) + 2 sections. This
number can be improved to 2k − 2n + 2ν2(2k) provided either k is odd
or, else, when k is even with ν2(k) ≡ n mod 2. Here ν2(M) stands for
the highest power of 2 dividing the integer M .

Remark 1.2 From standard obstruction theory (Postnikov towers) we
know that any vector bundle α over a cellular complex X always admits
dim(α)−dim(X) sections. Theorem 1.1 claims that in the case of 2kξ2n
one cannot hope for 2ν2(2k) + ǫ extra sections beyond the free ones.

The philosophy motivating the proof of such a result goes as follows.
As already explained, a multiple sectioning problem is first changed to
the existence of a single section for a suitable bundle λ → B. Now,
if λ is oriented with respect to some generalized cohomology theory
and admits a non-zero section, then the corresponding Euler class χ(λ)
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vanishes. Nevertheless, the reciprocal statement is of course not true in
general. For example, although χ(τS2) = 0 in mod 2 cohomology, S2 (or,
for that matter, any even-dimensional spheres) does not have a vector
field. The alternative is to (construct and) analyze generalized higher
order characteristic classes which should also vanish in the presence of
a nontrivial section —therefore producing further obstructions to the
existence of such a section. A way to construct higher characteristic
classes is described next.

2 Secondary characteristic classes

Let h∗ be a generalized cohomology theory and let p : λ −→ B be a
vector bundle with associated disk and sphere bundles D and S, respec-
tively. In terms of the long exact sequence

(4) · · · −→ h∗(D,S)
i

−→ h∗(D)
j

−→ h∗(S)
δ

−→ h∗+1(D,S) −→ · · ·

any natural cohomology operation ϕ for h∗ defines a secondary operation
Sϕ on Im δ ∩Ker ϕ, taking values in the quotient of Im j by Im (j ◦ϕ),
as follows. Let v ∈ h∗+1(D,S) and u ∈ h∗(S) be classes with ϕ(v) = 0
and δ(u) = v. By exactness in the lower row of the diagram

· · · // h∗(D,S)

ϕ

��

i // h∗(D)

ϕ

��

j
// h∗(S)

ϕ

��

δ // h∗+1(D,S)

ϕ

��
· · · // h∗(D,S)

i // h∗(D)
j

// h∗(S)
δ // h∗+1(D,S)

the class ϕ(u) lies in the image of j. We then set

(5) Sϕ(v) = ϕ(u) ∈ Im j/Im (j ◦ ϕ).

This is well defined, for if δ(u′) = v, then u − u′ = j(ω), for some
ω ∈ h∗(D), so that ϕ(u′)−ϕ(u) = jϕ(ω). We will assume from now on
that h∗ is multiplicative and that p : λ → B comes equipped with an
h∗-orientation. Then in terms of the Thom isomorphism, (4) becomes
the usual Gysin sequence

(6) · · · −→ h∗(B)
χ

−→ h∗(B)
p

−→ h∗(S)
δ

−→ h∗+1(B) −→ · · ·

where the first map is multiplication by the h∗-Euler class of λ (we will
be interested in the case where h∗ is complex K-theory, so that orienta-
tions and Euler classes have been assumed to be zero dimensional —for
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non-periodic theories one needs to be a bit more careful with gradings).
Note that if λ has a nontrivial section, then χ = 0, splitting (6). There-
fore, in such a case our secondary operation Sϕ is really defined on the
subgroup kerϕ of h∗+1(B) and, via the monomorphism induced by p,
takes values on the quotient h∗(B)/Imϕ. This will be the situation in
our applications, as well as in the next key result which shows that the
class Sϕ(v) above works indeed as a sectioning obstruction —it vanishes
whenever λ admits a nonzero section.

Lemma 2.1 In the notation of (5), if the bundle p : λ −→ B admits a
non-zero section, then Sϕ(v) vanishes whenever it is defined.

Proof: Let r : B −→ S be such a section and choose α ∈ h∗(B) with
p∗(α) = ϕ(u). Then Sϕ(v) is represented by α = r∗p∗α = r∗ϕ(u) =
ϕ(r∗u) ∈ Imϕ. �

Remark 2.2 The proof above indicates the special role played by a
section in the process of identifying the (triviality of the) secondary
operation. In fact, some of our concrete calculations will be simplified
by a simultaneously consideration of two operations ϕ1 and ϕ2 with
ϕ1(v) = ϕ2(v) = 0. The associated secondary operations will then be
given directly in terms of the section r as the corresponding classes
represented by ϕi(r

∗(u)), for i = 1, 2, respectively.

Remark 2.3 The case with v = 1 ∈ h∗(B), corresponding to the Thom
class in the cohomology of the pair (D,S), yields the “secondary char-
acteristic class” Sϕ(λ) —defined whenever χ(λ) = 0 and ϕ(1) = 0— in
the title of this section. Such a secondary class must, of course, vanish
in the presence of a section, in view of Lemma 2.1.

In order to have a good hold in computing the secondary operations
introduced in this section, it will turn out to be convenient to lift (6)
to an equivariant setting where one can take advantage of the extra
structure. The equivariant facts we will need (in the case of K-Theory)
are recollected in the next short section, whereas the equivariant inter-
pretation of the secondary operation will be set up in Section 4 —with
a tuning up in Section 5 which will allow us to evaluate the required
secondary operations in terms of Adams operations and Thom isomor-
phisms.



54 J. González and M. Velasco-Fuentes

3 Equivariant K-theory

Let G be a compact group and consider Atiyah-Segal’s G-equivariant
K-Theory K∗

G. This is a cohomology theory defined over the category
of (compact) G-spaces in terms of G-equivariant vector bundles, and
extending usual K-Theory in many respects. For instance, as observed
in [3], when X is a free G-space we have

(7) K∗

G(X) ≃ K∗(X/G),

the usual K-theory of the orbit space X/G. On the other hand, as
shown in [12], for a trivial G-space X one has the natural isomorphism

(8) K∗(X)⊗R(G) ≃ K∗

G(X)

induced from the ring structure in K∗

G(X) and the two “trivial” maps
R(G) → K∗

G(X) andK∗(X) → K∗

G(X). K∗

G is a (G-equivariantly) com-
plex oriented cohomology theory. Moreover, in terms of (7), equivariant
orientations in the G-free case agree with their unequivariant analogues
over the corresponding orbit spaces —as explained in the next section,
this will be the precise starting point for lifting the computation of
our secondary classes, from the unequivariant case to the equivariant
setting.

We will make computational use of the fact that for a subgroup
H < G there is a restriction homomorphism KG(X) −→ KH(X) which
is compatible with (8) and natural in the category of G-spaces. For our
concrete purposes we shall use the groups Z2 < S1 (and, for the eventual
generalization mentioned in the introduction, the groups Z2e < S1).
We recall what the corresponding representation rings are: R(S1) =
Z[ t, t−1 ], the polynomial ring on the standard unitary representation
t : S1 →֒ GLC(1) and its inverse t−1 (complex conjugation); R(Z2) =
Z[ t ]/(t2 − 1), where t ∈ R(Z2) stands for the restriction of t ∈ R(S1)
to the subgroup Z2 < S1.

4 K-theory secondary operations: Euler classes

The way we have chosen for starting this section will become transparent
in Remark 4.2 —for the time being, the comments after (3) should
clarify much of the situation below. Let p : E → X be a complex vector
bundle over a compact spaceX and recall that ξ2m−1 stands for the Hopf
bundle over P 2m−1. It is standard that the product bundle E⊗R ξ2m−1
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has a complex structure coming from that of E, and which can be
thought of as being that of E ⊗C ξ

C
2m−1. We thus indistinctly use both

tensor bundles. Now, a model for the total space of E ⊗ ξ2m−1 is given
by the quotient of E × S2m−1 by the equivalence relation defined by
(−x, y) ≡ (x,−y). In terms of (8), this observation can be translated to
the equivariant world: if we let Et (= E⊗t) stand for the original bundle
E with antipodal action of Z2 in fibers (and trivial action on the base
space), and identify t (= 1⊗t) with the trivial one-dimensional complex
line bundle over X with antipodal action of Z2 in fibers, then E⊗ξ2m−1

is just the orbit space of the Z2-equivariant fibered product Et×X Smt,
where Smt is the sphere bundle of the iterated m-fold Whitney sum of
t with itself. It is convenient to embed the above construction into the
following pull-back diagram of Z2-equivariant bundles:

(9) SEt×X Smt
� � //

_�

��

Et×X Smt
q′

//

_�

��

Smt
_�

��
SEt×X mt �

�
//

��

Et×X mt
q

//

��

mt

��
SEt

� � // Et
p

// X

Note that we recover the 2m − 1 analogue of (3) by passing to Z2-
orbit spaces in q′ of the the top row of (9). In these terms, the relevant
exact sequence (of type (6)) for computing secondary K-theoretic op-
erations for E ⊗ ξ2m−1 agrees with the corresponding exact sequence
for computing KZ2

-theoretic secondary operations for Et×X Smt. But
by (9), the latter exact sequence is embedded as the second row (from
top to bottom) in the commutative diagram of Gysing type sequences

(10)

K0
Z2
(Et) K0

Z2
(X) K0

Z2
(SEt)

K0
Z2
(Et×X mt)

❄

K0
Z2
(mt)

❄

K0
Z2
(SEt×X mt)

❄

K1
Z2
(Et×X mt)

✲ ✲
p∗

K−1
Z2

(Smt)

❄

K−1
Z2

(SEt×X Smt)

❄
δ2δ1 δ3

K0
Z2
(Et×X Smt)

❄

✲ ✲
q∗

K−1
Z2

(X)

❄

K0
Z2
(Et)

❄

✲
q′∗

✲
δ

✲
δ4

It should be remarked that in this diagram we are using K-theory with
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compact supports so that, for a non-compact space V , KZ2
(V ) really

stands for the reduced KZ2
-theory of the one-point compactification of

V . Thus, if V is the total space of a vector bundle, then the Thom
isomorphism identifies KZ2

(V ) with the usual KZ2
-theory of the base

space, allowing us to recover the Gysin sequence setting in (6) for com-
puting secondary operations.

Now, when looking for obstructions to sectioning E⊗ξ2m−1, instead
of evaluating a secondary operation directly in the second row of (10),
we will perform the corresponding computation in the third row of that
diagram —that is, we will deal with q rather than with q′. Such a strat-
egy is better explained by recalling that, in the first case, the secondary
operation lies in a quotient of the image of (q′)∗, however in the second
case one can perform the calculation directly in the cokernel of the first
map in the third row of (10) —a map on which we will have an explicit
control. In fact, the square in the lower left corner of that diagram
turns out to play a fundamental role in the whole computation and,
thus, we proceed to describe the corresponding groups and maps in the
case relevant for Theorem 1.1. We start by noticing that, after applying
suitable Thom isomorphisms in the appropriate nodes and using the
considerations in Section 3, the square just mentioned takes the form

(11) K0(X)⊗R(Z2)
χ(Et)

//

χ(mt)
��

K0(X)⊗R(Z2)

χ(mt)
��

K0(X)⊗R(Z2)
χ(Et)

// K0(X)⊗R(Z2)

where all maps are multiplication by the indicated Euler classes. Now,
we will be interested in the case X = P 2n, whose K-theory groups are

(12) K0(P 2n) = Z[x]/(xn+1, [2](x)),

where x = 1− ξC2n is the K-theoretic Euler class of the complexification
of ξ2n, and where [2](x) is the 2-series on x for the multiplicative formal
group law, that is

(13) [2](x) = 1− (1− x)2 = 2x− x2.

Together with the remarks in Section 3, this completes the description
of the groups in (11). The corresponding maps, on the other hand, are
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described in the next result (whose proof is given after Remark 4.3) for
the bundle

(14) E = 2kξ2n − 2(k − n− 1)

when k > n. As required at the beginning of the section, and in view of
the considerations in Remarks 4.2 and 4.3 below, E is a (well defined)
complex bundle.

Lemma 4.1 Set T = 1 − t ∈ R(Z2). If
(

k−1
n

)

is odd, then the Euler
classes in (11) are given by

χ(mt) = Tm and χ(Et) = Tn+1.

Remark 4.2 Although (14) is based on an “obvious” desuspension of
2kξ2n (in the sense of Remark 1.2), the resulting E is still a stable
bundle, so that its isomorphism class is indeed determined by the re-
quirement that

(15) E ⊕ 2(k − n− 1) ≃ 2kξ2n

which formalizes the sloppy formula (14). In particular, computing the
geometric dimension (gd) for 2kξ2n is still equivalent to the sectioning
problem for E. In these terms, it is now clear from the considerations
after (3) that this section of the paper has been arranged in order to
set up a method for analyzing secondary obstructions for the possible
existence of 2m linearly independent sections for E or, in other words,
for ruling out inequalities of the form gd(2kξ2n) ≤ 2n− 2(m− 1) —just
as required in Theorem 1.1.

Remark 4.3 Although we are interested in the real sectioning problem
for E, the equivariant method set up in this section takes advantage of
the complex structure behind (14): it is possible to choose E with a
complex structure in such a way that (15) is in fact the realification of

(16) E ⊕ (k − n− 1) ≃ kξC2n.

Indeed, just consider the homotopy commutative diagram below, where
the indicated lifting holds since the fiber of BU(n+1)→BU(k) is (2n+
2)-connected —the complex analogue of Remark 1.2.

BU(n+ 1)
real //

��

BO(2n+ 2)

��

P 2n

E
99s

s
s

s
s

kξC2n

// BU(k)
real

// BO(2k)
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Proof of Lemma 4.1. The Euler class for a line bundle L is simply
χ(L) = 1− L, so the Euler class for mt is plainly

χ(mt) = χ

(

m
⊕

i=1

t

)

= (1− t)m = Tm.

In order to compute χ(Et) we use the fact that this class is the
restriction of the corresponding (S1-equivariant) Euler class χ(Et) ∈
K0

S1(P
2n). Thus, in the S1-equivariant world we multiply (16) by t to

obtain
χ(Et) · (1− t)k−n−1 = (1− ηt)k

where η = ξC2n. Since 1− η = x and 1− t = T , the last equation can be
expanded as

χ(Et) · T k−n−1 = (T + xt)k =
k
∑

i=0

(

k
i

)

tixiT k−i =
n
∑

i=0

(

k
i

)

tixiT k−i

where the last equality follows from the relations in (12). Now t and
(therefore) T act monomorphically on R(S1), so we deduce

χ(Et) =
n
∑

i=0

(

k
i

)

tixiTn+1−i.

Now, restricting toK0
Z2
(P 2n), where the relation t2 = 1 implies T 2 = 2T

and tT = −T , we have

χ(Et) = Tn+1 +
n
∑

i=1

(

k
i

)

tixiTn+1−i = Tn+1 +
n
∑

i=1

(

k
i

)

(−1)ixiTn+1−i

= Tn+1 +
n
∑

i=1

(

k
i

)

(−1)ixi2n−iT = Tn+1 +
n
∑

i=1

(

k
i

)

(−1)ixnT

where the last equality uses the relation (13). The required expression
for χ(Et) now follows from the observation that 2xn = 0 and the easy-
to-check relation

∑n
i=0

(

k
i

)

(−1)i = (−1)n
(

k−1
n

)

—recall that
(

k−1
n

)

is
odd by hypothesis. �

5 Secondary operations: cannibalistic classes

In previous sections we have set up the required machinery for proving
Theorem 1.1. We now bring up the final ingredient, namely, the pri-
mary operation(s) ϕ which the secondary calculation will be based on.
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The (choice and) computability of ϕ, and therefore of the associated
secondary operation, depends on having a good control on certain char-
acteristic classes introduced in [6], the so called cannibalistic classes.
The construction applies in the equivariant setting too: for a complex
G-bundle λ : Y → X, with KG-theoretic Thom class Uλ ∈ KG(Y ) —as
in (10), we use cohomology with compact supports—, Bott’s equivariant
cannibalistic class ρr(λ) ∈ KG(X) is defined through the action of the
Adams operation ψr by the formula ψr(Uλ) = ρr(λ) ·Uλ. In particular,
the action of ψr in KG(Y ) is recovered as

(17) ψr(a · Uλ) = ρr(λ)ψ
r(a) · Uλ, a ∈ KG(X).

Note that ψr will act on KG(Y ) as (scalar) multiplication by ρr(λ)
whenever ψr is the identity on KG(X). In their original work [8], Feder
and Iberkleid showed this to be the case for (odd r and) λ = q′, the top
row in (9), which motivated the use of the operation

(18) ϕr = ψr − ρr(q
′)

(where the second term on the right hand side of (18) stands for the
operation given by scalar multiplication by the rth cannibalistic class of
q′). Indeed, in that case ϕr would vanish on the last group in the second
row of (10) and consequently, as indicated after (6), the corresponding
secondary operation Sϕr

would be defined in that group whenever E ⊗
ξ2m−1 admitted a nowhere trivial section. In these terms, the relevance
of using the whole diagram (10) comes from the observation that (18)
is also defined on the third row of (10). In fact, in terms of the KG(X)-
module structure inherited from (9), ϕr takes the form

(19) ϕr = ψr − ρr(Et)

in both middle rows of (10). Thus, in order to carry over the strategy
planned just before (11), we need to compute the action of ρr(Et) on
K0(X)⊗R(Z2) —the relevant group in (11). Before completing such a
task, it will be convenient to give Feder-Iberkleid’s alternative argument
to show that ϕr indeed vanishes (and so Sϕr

is defined) at suitable
elements of the required last group in the second row of (10). As in
(12), throughout the rest of the paper X will stand for P 2n.

Proposition 5.1 Let r be odd. Then, for the bundle E in (14) and
with respect to the second row in (10), Sϕr

is defined on all elements of
the form δ(u), where u ∈ K−1

Z2
(SEt ×X Smt) satisfies δ2(u) = q∗(U),

for some U ∈ K0
Z2
(mt).
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Proof: Consider the following extract of (10)

K0
Z2
(Et)

π∗

��

K−1
Z2

(Smt)

δ1
��

q′∗
// K−1

Z2
(SEt×X Smt)

δ2
��

δ // K0
Z2
(Et×X Smt)

δ3
��

K0
Z2
(mt)

q∗
// K0

Z2
(SEt×X mt)

δ4 // K1
Z2
(Et×X mt)

Let U ∈ K0
Z2
(mt) and u ∈ K−1

Z2
(SEt×X Smt) be as in the hypothesis,

and let v = δ(u) ∈ K0
Z2
(Et×X Smt). Since δ3(v) = δ3δ(u) = δ4δ2(u) =

δ4q
∗(U) = 0, there is an element w ∈ K0

Z2
(Et) such that π∗w = v. But

since ψr is the identity on K0(X) for odd r —this fact follows directly
from (12) and (13)—, it is also the identity on R(Z2) in view of [5],
as well as on K0

Z2
(X) in view of (8). Thus, as observed after (17),

ψrw = ρr(Et) · w, i.e., ϕr(ω) = 0. Therefore ϕr(v) = π∗ϕr(w) = 0. �

We will pick in the next section a convenient term U ∈ K0
Z2
(mt) to

be used within the context of Proposition 5.1. For the time being we
note that, since the corresponding secondary operation will be evaluated
in the third row of (10), we need to get a good hold on ϕr(U). For this
we note that in terms of the Thom isomorphism we have

(20) U = A · Umt

for some A ∈ K0
Z2
(X), where Umt is the Thom class of mt. Then,

from (17) and its subsequent observations —see also the proof of Propo-
sition 5.1—, we get for odd r

(21) ϕr(U) = ϕr(1) · U,

where ϕr(1) = ρr(mt) − ρr(Et). We close the section with an explicit
description of (21) in the cases which are relevant towards Theorem 1.1.

Proposition 5.2 Let E be given by (14). In the notation of Lemma 4.1
and (12), we have

(i) ρ3(mt) = 3m + 1−3m

2 T, and

(ii) ρ3(Et) = 3n+1 + 1−3n+1

2 T + 1−3k

2

[

1− 3k−n−1+1
2 T

]

3−(k−n−1)x.
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Proof: Recall that for r > 0, ρr(L) = 1+L+ · · ·+Lr−1, whenever L
is a line bundle. Thus,

(22) ρ3(mt) = (1 + t+ t2)m = (3− T )m = 3m +
1− 3m

2
T

where the last equality is easily verified by induction. On the other hand,
in order to verify the expression for ρ3(Et) in (ii), we proceed as in the
proof of Lemma 4.1, namely, we multiply (16) by the S1-equivariant
version of t and apply the multiplicative property of the cannibalistic
classes to get

ρ3(Et) · (1 + t+ t2)k−n−1 = (1 + ηt+ t2)k.

Here we use the (closely related to (13)) relation η2 = 1, where η = ξC2n.
This relation can be loosely interpreted as

(23) ρ3(Et) =
(1 + ηt+ t2)k

(1 + t+ t2)k−n−1
∈ K(P 2n)⊗R(S1)

since the “division” is unique in R(S1) —that is, 1+ t+ t2 is not a zero
divisor. Indeed, according to [4], we have the monomorphism

(24) Z[ t, t−1 ] = R(S1) →֒ K(CP∞) = Z[[T ]]

where T is the Euler class of the Hopf bundle over CP∞, and the in-
clusion map is that of a space inside its completion (with respect to a
suitable topology) . In fact, by definition, the image of t under (24) is
given in terms of the Borel construction S∞×S1C —the Hopf bundle—,
so that the T used in (24) agrees with that in Lemma 4.1. In particular,
as elements of K(P 2n)⊗R(S1), we have

1+ t+ t2 = 1+ (1−T )+ (1−T )2 = 2−T +1− 2T +T 2 = 3− 3T +T 2

which is not a zero divisor —not even in the completed group K(P 2n)⊗
Z[[T ]] = (Z⊕ Z2n)⊗ Z[[T ]].

Now, letting Q = 1 + t+ t2, (23) becomes

ρ3(Et) =
(1 + ηt+ t2)k

(1 + t+ t2)k−n−1
=

(Q− xt)k

Qk−n−1
=

k
∑

i=0

(

k
i

)

Qk−i(−t)ixi

Qk−n−1

=

n
∑

i=0

(

k
i

)

Qk−i(−t)ixi

Qk−n−1
(since k > n and xn+1 = 0)

=
n
∑

i=0

(

k
i

)

(−t)ixiQn+1−i
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where the last equality follows by uniqueness of division by Q (or, al-
ternatively, see the proof of Lemma 4.1 for the formal argument). Now,
restringing from R(S1) to R(Z2), so that Q becomes Q = 2+ t = 3−T ,
we finally obtain in K(P 2n)⊗R(Z2)

ρ3(Et) =
n
∑

i=0

(

k
i

)

(−t)ixi(3− T )n+1−i

=
n
∑

i=0

(

k
i

)

(−t)ixi
(

3n+1−i +
1− 3n+1−i

2
T

)

.(25)

For i = 0, (25) gives 3n+1 + 1−3n+1

2 T , which are the first two terms
of the required formula for ρ3(Et). Using the relations x2 = 2x and
tT = −T , the rest of the terms in (25) —which are divisible by x, so
that all coefficients are now 2n-torsion— can be rewritten as

n
∑

i=1

(

k
i

)

(−t)ixi
(

3n+1−i +
1− 3n+1−i

2
T

)

=

=
n
∑

i=1

(

k
i

)

3n+1−i(−t)ixi +
n
∑

i=1

(

k
i

)

(−t)ixiT
1− 3n+1−i

2

=
n
∑

i=1
i even

(

k
i

)

3n+1−i2i−1x +
n
∑

i=1
i odd

(

k
i

)

3n+1−i(−t)2i−1x

+
n
∑

i=1

(

k
i

)

2i−1xT
1− 3n+1−i

2

= A+B,

where A =
n
∑

i=1

(

k
i

)

3n+1−i(−1)i2i−1x and

B =

n
∑

i=1
i odd

(

k
i

)

3n+1−i2i−1xT +

n
∑

i=1

(

k
i

)

2i−1xT
1− 3n+1−i

2
.

For the A-term —leading to the multiple of x in (ii)—, it is enough to
verify that

n
∑

i=1

(

k
i

)

3n+1−i(−1)i2i−1 ≡
1− 3k

2
·

1

3k−n−1
(mod 2n).
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But since 3 is a unit modulo 2n, the above congruence reduces to

n
∑

i=1

(

k
i

)

3k−i(−2)i ≡ 1− 3k (mod 2n+1)

which is clear from Newton’s formula. On the other hand, in view of
the relation 2nx = xn+1 = 0, both summations in the B-term —leading
to the multiple of xT in (ii)— can be taken up to k (instead of up to
n), so that the coefficient of xT is the mod 2n reduction of the integer

k
∑

i=1
i odd

(

k
i

)

3n+1−i2i−1 +
k
∑

i=1

(

k
i

)

2i−1 1− 3n+1−i

2
=

=
k
∑

i=1
i odd

(

k
i

)

2i−1 1 + 3n+1−i

2
+

k
∑

i=1
i even

(

k
i

)

2i−1 1− 3n+1−i

2

=
k
∑

i=1
i odd

(

k
i

)

2i−2(1 + 3n+1−i) +
k
∑

i=1
i even

(

k
i

)

2i−2(1− 3n+1−i)

=
k
∑

i=1

(

k
i

)

2i−2 −
k
∑

i=1

(

k
i

)

2i−2(−1)i3n+1−i

=
3k − 1

4
−

k
∑

i=1

(

k
i

)

2i−2(−1)i3n+1−i

=
1

4 · 3k−n−1

(

3k−n−1(3k − 1)−
k
∑

i=1

(

k
i

)

2i(−1)i3k−i

)

=
1

4 · 3k−n−1

(

3k−n−1(3k − 1)− (1− 3k)
)

=
1

3k−n−1
·
(3k − 1)

2
·
(3k−n−1 + 1)

2
.

The result follows since the last two factors are integers themselves,
whereas 3 is a unit mod 2n. �

As suggested in Remark 2.2, it will be convenient to consider, in ad-
dition, the operation Sϕ−1

. Its evaluation depends, of course, on settling
the value of ϕ−1(1) in (21). Unlike the previous r = 3 arguments, the
computation of the r = −1 cannibalistic classes do not require auxil-
iary unique-division considerations in the S−1-equivariant setting —the
relevant classes are in fact invertible in the Z2-equivariant world.
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Proposition 5.3 Let E be given by (14). In the notation of Lemma 4.1
and (12), we have

(i) ρ−1(mt) = (−1)mtm, and

(ii) ρ−1(Et) = (−1)n+1tn+1ηk.

Proof: Recall that for a line bundle L, ρ−1(L) = −L−1. In view of
the relation t2 = 1 in R(Z2), this immediately yields the expression in
(i) above, while for Et we get from (16)

ρ−1(Et) · (−t)
k−n−1 = ρ−1(Et) · ρ−1((k−n− 1)t) = ρ−1(kηt) = (−ηt)k,

where the last equality uses the relation η2 = 1 already noticed in the
proof of Proposition 5.2. Multiply by (−t)k−n−1 to recover the desired
expression for ρ−1(Et). �

This concludes setting up the technical details for evaluating the
secondary operations we have in mind. This machinery will be put
together in the next (and final) section in order to prove Theorem 1.1.

6 Proof of Theorem 1.1

Let k > n ≥ m ≥ 1 and assume that the bundle E in (14) admits 2m
linearly independent sections, so that E ⊗ ξ2m−1 has a nowhere trivial
section. Our first goal will be to choose a suitable element on which
to evaluate (the corresponding triviality of) certain critical secondary
operations. This is done by making use of Proposition 5.1: from the
exactness of rows and columns in diagram (10), and in terms of the
notation in (11) and (20), picking the required U ∈ K0

Z2
(mt) amounts

to choosing a class A ∈ K0
Z2
(P 2n) satisfying A · χ(mt) = A′ · χ(Et),

for some A′ ∈ K0
Z2
(P 2n). In view of Lemma 4.1, the obvious choice

is A = T n−m+1 (with A′ = 1) when
(

k−1
n

)

is odd —which we assume
to be the case from now on. We can now pick a corresponding class
u ∈ K−1

Z2
(SEt ×P 2n Smt) satisfying the hypothesis in Proposition 5.1,

so that Sϕr
(δ(u)) is not only defined for any odd r, but in fact it is

trivial in view of Lemma 2.1 and the present sectioning assumption.
Even more, as indicated in Remark 2.2, there is a class µ ∈ K−1

Z2
(Smt)

such that ϕr(µ) is a representative for Sϕr
(δ(u)), for any odd r. Since

q′∗ is monic (as explained in Section 4, it corresponds to the map p in
(6); alternatively, see the proof of Lemma 2.1), the above means

q′∗(ϕr(µ)) = ϕr(u).
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Setting B = δ1(µ) this yields

q∗(ϕr(B)) = q∗(ϕr(δ1(u)) = δ2(q
′∗(ϕr(µ))) = ϕr(δ2(u)) = q∗(ϕr(A)).

(Here and in what follows we are using the notation in diagram (10), ex-
cept for its lower left corner, which has been written as in diagram (11).)
Therefore, by exactness of the third row in (10), there exist classes

(26) dr ∈ K0(P 2n)⊗R(Z2) = (Z⊕ Z2n · x)⊗ (Z⊕ Z · T )

such that

(27) ϕr(A)− ϕr(B) = drT
n+1.

Note that the relation Tn+1 = 2nT assures that the term drT
n+1 above

is torsion free and, in fact, an integer multiple of T , so that we can (and
will) assume dr ∈ Z.

We now take a closer look to each term on the left of (27) —the
critical one being ϕr(B) since, as explained in Section 4, this corresponds
to evaluating the image of Sϕr

(δ(u)) in the third row of (10). From (21)
we see that ϕr acts on the group in (26) as multiplication by ϕr(1).
As the reader will easily verify using Propositions 5.2 and 5.3, the later
term is described for r ∈ {3,−1} as

(28) ϕ3(1) = 3m−3n+1+ 3n+1
−3m

2 T − 1−3k

2

[

1− 3k−n−1+1
2 T

]

3−(k−n−1)x

and (with mod 2 conditions)

(29) ϕ−1(1) =











































±(2− T ), k ≡ 0 and m ≡ n,

0, k ≡ 0 and m ≡ n+ 1,

2− x− T + xT, k ≡ 1 and m ≡ n ≡ 0,

−2 + x+ T, k ≡ 1 and m ≡ n ≡ 1,

−x+ xT, k ≡ 1, m ≡ 1, and n ≡ 0,

x, k ≡ 1, m ≡ 0, and n ≡ 1.

When multiplied by T , these expressions simplify to

(30) ϕ3(1) · T =
1− 3k

2
xT
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and

(31) ϕ−1(1) · T =

{

0, for k ≡ 0 (mod 2),

xT for k ≡ 1 (mod 2),

producing manageable formulas for ϕr(A) —recall A = Tn−m+1 =
2n−mT—, as well as for the part in ϕr(B) coming from the T -divisible
terms in the general expression

B = a+ bx+ (α+ βx)T

of B as an element in the group (26). As for the a+ bx part, it will be
convenient to consider the concrete cases corresponding to the different
instances in Theorem 1.1. In any case, the observation that 0 = TmB =
(2m−1a + 2mα)T + (2m−1b + 2mβ)xT (obtained from the exactness of
the second column in (10)), yields the extra information

(32) a+ 2α = 0 whereas 2m−1b+ 2mβ ≡ 0 (mod 2n).

Case k ≡ 0 and m ≡ n (mod 2): In view of (29) and (31), the
r = −1 case in (27) reduces, up to a sign, to (2− T )(a+ bx) = 2nd−1T .
Comparing coefficients and taking into account (32), we see that B
reduces to B = βxT , where

(33) 2mβ ≡ 0 (mod 2n).

Now using (30), the r = 3 case in (27) becomes

2nd3T = 2n−m 1− 3k

2
xT − βx ·

1− 3k

2
xT =

1− 3k

2
(2n−m − 2β)xT.

Comparing coefficients and taking (33) together with Corollary A.2 in
the appendix into consideration, we finally get m ≤ 1 + ν2(k). It now
suffices to take m = ν2(k) + 2 in order to complete the proof for the
case k ≡ 0 and ν2(k) ≡ n mod 2 in Theorem 1.1.

In order to settle the two remaining cases in Theorem 1.1 we only
need the case r = 3 of (27). Start by using (28) and (30) to com-
pute ϕ3(B) and ϕ3(A), respectively, and expand out the resulting equa-
tion (27) to obtain a = 0 (thus α = 0, in view of (32)) as well as the
mod 2n congruences

(34) b(3m − 3n+1) ≡ b(1− 3k)3−(k−n−1)
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and

(35) 1−3k

2 2n−m−b

(

3n+1
−3m

2 + (1−3k)
2

(

3k−n−1+1

)

3−(k−n−1)

)

≡β(1−3k).

Case k ≡ 1 (mod 2): Set 1 − 3k = 2u, where u is an odd integer in
view of Corollary A.2, and rewrite the last congruence as

2n−mu−b

(

3n+1 − 3m

2
+

(1− 3k)

2
3−(k−n−1)

)

−u(b+2β) ≡ 0 (mod 2n),

whose second and third summands are divisible by 2n−1 and 2n−m+1,
respectively, in view of (34) and (32). This forces m ≤ 1, so that the
case for odd k in Theorem 1.1 follows by taking m = 2.

Case k ≡ 0 (mod 2) —any m and n: From (34) and (35) we deduce
the congruence

1− 3k

2

(

2n−m − b− 2β
)

≡ 0 (mod 2n−1).

Therefore, taking into account (32) together with Corollary A.2 in the
appendix, we get m ≤ 2 + ν2(k). It now suffices to take m = ν2(k) + 3
in order to complete the proof of the remaining case in Theorem 1.1.�

A Appendix: The value of ν2
(

1− 3
k
)

This appendix proves some well know arithmetic relations used in Sec-
tion 6 of the paper.

Lemma A.1 For k ≥ 0,

ν2(1 + 3k) =

{

1 if k is even,

2 if k is odd.

Proof: The relation 1+32l = 1+9l ≡ 2 (mod 4) implies ν2(1+32l) = 1,
the result for even k. Likewise, the relation 1 + 32l+1 = 1 + 3 · 9l ≡ 4
(mod 8) yields the result for odd k. �

Corollary A.2 For k > 0,

ν2(1− 3k) =

{

2 + ν2(k) if ν2(k) > 0,

1 if ν2(k) = 0.
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Proof: The relation 1− 32l+1 = 1− 3 · 9l ≡ 2 (mod 4) grounds (from
0) an inductive argument on ν2(k), whereas the equalities

ν2(1− 32l) = ν2(1− 3l) + ν2(1 + 3l)

=

{

2 + ν2(l) + 1 if l is even

1 + 2 if l is odd

=

{

ν2(l) + 3 if l is even

3 if l is odd

= ν2(2l) + 2

complete the induction. �
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